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Introduction 

Whittaker functions are ubiquitous in the modern theory of automorphic functions. 
In this paper we develop a geometric version of the local Whittaker theory in the non- 
archimedian case. By this we mean finding appropriate Whittaker sheaves, such that 
the functions obtained by taking the traces of the Frobenius on the stalks are the local 
Whittaker functions. The desire to construct such sheaves is motivated by the geometric 
Langlands correspondence (see || [l4|, 15, |9|). Since Whittaker functions never have 



compact support, we cannot obtain them from sheaves on finite-dimensional varieties 
in an obvious way, and this makes the problem of constructing Whittaker sheaves non- 
trivial. Our approach is to use global methods, namely, the Drinfeld compactification 
of the moduli stack of iV-bundles. 

More concretely, let G be a (split connected) reductive group over ¥ q , and N be 
its maximal unipotent subgroup. Consider the group G{%) over the local field % = 
¥ q ((t)), and its maximal compact subgroup G(0), where = F g [[i]]. The quotient 
Gr = G(%)/G(0) can be given a structure of an ind-scheme over ¥ q , which is called 
the affine Grassmannian of G. Unramified Whittaker functions give rise to functions on 
Gr, which are iV(IK)-equivariant against a non-degenerate character x- According to 
the general philosophy of "faisceaux-fonctions" correspondence, these functions should 
have geometric counterparts as perverse sheaves on Gr. The geometric counterparts of 
the Whittaker functions should be sheaves on Gr, which are iV(3C)-equivariant against 
X- It is natural to expect that the appropriately defined category of such sheaves should 
reflect the properties of the Whittaker functions. Unfortunately, the A r (3C)-orbits in 
Gr are infinite-dimensional and so there is no obvious way to define this category on 
Gr. 

On the other hand, let Bunjy be the algebraic stack classifying iV-bundles on a 
smooth projective curve X over ¥ q . V. Drinfeld has introduced a remarkable partial 
compactification Bun^ of Bun^. In this paper we argue that an appropriate "Whit- 
taker category" can (and perhaps should) be defined on Bun^v instead of Gr. In fact, 
Bun^v can be viewed as a suitable "globalization" of the closure of a single iY(3C)-orbit 



in Gr. Moreover, Bunjv has many advantages over Gr (see Sect. 1.2.3 ) 



In this paper we define the appropriate "Whittaker category" of perverse sheaves on 

-3rs 



Bun^v (more precisely, on its generalization ^^Bunjy ) and prove that it does indeed 
possess all the properties that one would expect from it by analogy with the Whittaker 
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functions. Namely, this category is semi-simple, and each irreducible object of this 
category is a local system on a single stratum extended by zero (these strata are the 
analogues of the iV(X)-orbits in Gr). 

As an application of the main theorems of this paper, we compute the cohomology of 
certain sheaves on the intersections of G(0)- and iV(3C)-orbits in Gr. Using this result 
we prove our conjecture from Q in the case of a general reductive group G. In the case 
of G = GL n , B.C. Ngo [l^] has earlier given an elegant proof of this conjecture using 
a different method.]] As explained in H, the proof of this conjecture gives us a purely 
geometric proof of the Casselman-Shalika formula 22] for the Whittaker function. 

More details on the background and motivations for the present work, as well as the 
description of the structure of this paper, can be found in Sect. [j]. 

We note that the results of this paper are valid in the characteristic case, when 
one works in the context of D-modules. 
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1. Background and overview 
1.1. Hecke algebra and Whittaker functions. 

1.1.1. Let G be a split connected reductive group over ¥ q , G(%) the corresponding 
group over the local field % = ¥ q ((t)), and G(0), its maximal compact group, where 
= F g [[i]]. We fix a Haar measure on G{%) so that G(0) has measure 1. 

Consider the Hecke algebra H of G(3C) with respect to G(0), i.e., the algebra of de- 
valued compactly supported G(0)-bi-invariant functions on G(JC) with the convolution 
product: 



(1.1) (h 1 *h 2 ){g)= h^x^ig ■ x- 1 ) dx. 

Jg{±) 

It is well-known that there is a bijection between the double quotient of G{%) with 
respect to G(0) and the set A ++ of dominant coweig hts of G: to A € A++ we attach 
the coset of X(t) £ T{%) C G(X), where T is the Cartan subgroup of G. Hence we 
obtain a basis {ca}agA++ °f H consisting of the corresponding characteristic functions. 

It turns out that H has a "better" basis. Let L G be the Langlands dual group of 
G and let Rep( L G) denote the Grothendieck ring (over Q^) of its finite-dimensional 
representations. 

The following statement is often referred to as the Satake isomorphism: 



1 In the course of writing this paper we learned from B.C. Ngo that he and P. Polo obtained an 
independent proof of the conjecture for a general reductive group G. 

Note added in Nov 2000: the paper by B.C. Ngo and P. Pol o, Resolutions de D emazure affines et 



formule de Casselman-Shalika geometriquehas, has appeared as math. AG/0005022 
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1.1.2. Theorem, ( [pi] , [12] , p!l| ) There exists a canonical isomorphism of algebras H ~ 
Rep( L G). 

1.1.3. To an element A G A ++ we can attach the class of the corresponding irreducible 
L G-module V x in Rep( L G). Their images under the Satake isomorphism, denoted by 
A\, yield the "better" basis for H. 

Moreover, the A\ have the following form: 

(1.2) 4 = f M c A + PAm-c m J, Px^Z[q]. 

\ f ieA++; f i<\ ) 

1.1.4. Let JV C G be a maximal unipotent subgroup. We define a character x : 
iV(X) -> F 9 as follows: 

xO) = ( Res ( u *)) ' 

1=1 

where = 1... ,£ = dim N/[N,N] are natural coordinates on N/[N,N] corre- 
sponding to the simple roots, Res : X —> ¥ q is the map Res (X^nez = /-l an< ^ 
■0 : Fq — > is a fixed non-trivial character. 

We define the space W consisting of functions / : G(X) — > Q^, such that 

• /(#■ = /(<?), if xgG(6), 

• f(n-g)= X (n)- f(g), if neN(X), 

• f is compactly supported modulo iV(3C). 

Clearly, the space W is an H-module with respect to the following action: 

(1.3) heHJ GW^ (f*h)(g) = [ f(g-x~ 1 )h(x)dx. 

JG(±) 

We call W the Whittaker module. 

There is a bijection between the double cosets N(X)\G(X)/G(0) and the coweight 
lattice A: A — > N(X) ■ X(t) ■ G(0). However, it is easy to see that if A € A is non- 
dominant, then /(A(i)) = for any / G W. Therefore W has a basis > 
where </>a is the unique function in W which is non-zero only on the double coset 
N(X) ■ X(t) ■ G(6) and 4>(\(t)) = q~^' p) (here p G A is half the sum of positive roots of 
G and (, ) is the canonical pairing of the weight and coweight lattices). 

1.1.5. In H we considered a map F : H — > W defined by the formula F(h) = <po* h, 
i.e., 

(F(h))(g)= [ hin- 1 ■ g) X (n) dn 
Jn(x) 

(here the measure on N(X) is chosen in such a way that the measure of N(0) is 1). It 
is easy to see that F is an isomorphism of H-modules. 

Remarkably, it turns out that F is compatible with the above bases: 



1.1.6. Theorem. (@) F(A A ) = <p\ for all A G A 
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1.1.7. Connection with the Whittaker functions. Each semi-simple conjugacy class 7 of 
the group ^G(Q^) defines a homomorphism 7 : Rep^G^Q^) — > Q^, which maps [V] to 
Tr(7, V). We denote the corresponding homomorphism H — > (Q^ by the same symbol. 

For each 7 as above one defines the Whittaker function W 7 as the unique function 
on G{%) which satisfies: 

• W y (g-x) = W y (g),Vx£G(d); 

• W 7 (n ■ g) = X {n) • W y (jg), Vn G iV(OC); 
• 

(here * is defined by the same formula as in ( |l.3|) ). 

• W 7 (l) = 1. 

It was proved in |J that Theorem |l.l.6j is equivalent to the following well-known 
Casselman-Shalika formula (see ||, |22||): 

(1.4) W 1= Tr(7,(T/ A )*)-«/» A . 

AeA++ 



Thus, the functions cj>\ can be viewed as the "building blocks" for the Whittaker 
function. 

It is instructive to compare formula ([O]) to the formula for the spherical function 
given in Sect. 7 of ||; the building blocks for the latter are the functions A\. 



1.1.8. Theorem 1.1.6 allows to compute <j)u*A\ for an arbitrary fi E A ++ , as follows. 

By Theorem 1.1.2, the structure constants of the Hecke algebra are equal to those 
of the Grothendieck ring Rep^G (the "Clebsch-Gordan coefficients"). We have: 

A\*A^ = Cx fl A u , 
ueA+ 

where C\ = dimHomi G (l/ i/ , V x <g> V^ 1 ). Now Theorem |1.1.6| implies that 



(1.5) ^*A X = J2 C 



For fi € A, let Xu '■ N(%) — > be a character defined by the formula 

By evaluating both sides of (|1.5|) on g = (A + fi)(t) we obtain the following: 



(1.6) / A^n- 1 ■ v{t)) xM dn = ■ C§ v . 

JN{3C) 

1.2. Geometrization. 
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1.2.1. The goal of the present paper is to provide a geometric interpretation of the 
results described in Sect. 1.1, in particular, of Theorem |1.1.6| and formula ( |1.6| ). 



The starting point is the fact that the Hecke algebra H admits a natural geometric 
counterpart. 

There exists an algebraic group (resp., an ind-group) over ¥ q , whose set of F^-points 
identifies with G(0) (resp, G(3C)); to simplify notation, we will denote these objects 
by the same symbols. The quotient Gr := G(%)/G(0) is an ind-scheme and we can 
consider the category Pq,q )(Gr) of G(0)-equivariant perverse sheaves on Gr, defined 

over the algebraic closure ¥ q of ¥ q (since the closures of G(0)-orbits in Gr are finite- 
dimensional, there is no problem to define this category). 

The Q^-vector space H is isomorphic to the Grothendieck group of the category 
^G(b )(^ r )- ^he hreducible objects of P G (q )(Gr) are the intersection cohomology 

sheaves A\ attached to the corresponding G(0)-orbits Gr A . A remarkable fact is that 
the class of A\ in the Grothendieck group corresponds (up to a sign) to the element 
A x € H defined in Sect. |1.1.3|. 



Moreover, Theorem 1.1.2 has a categorical version (Theorem |5.2.6| ): -j(Gr) 

is a tensor category and as such it is equivalent to the category 9lep( L G) of finite- 
dimensional representations of L G. 

1.2.2. Now we would like to find a geometric counterpart P^<£g(Gr) of the Whittaker 

module W. A natural candidate for it would be a category of (N(JC), x)-equivariant 
perverse sheaves on Gr, whose Grothendieck group would be isomorphic to W. 

Unfortunately, the situation here is much more complicated, since the orbits of the 
group N(%) on Gr are infinite-dimensional and we do not yet have a satisfactory theory 
of perverse sheaves with infinite-dimensional supports. 

In this paper we propose a substitute for the category of (N(X), x)-equivariant 
perverse sheaves on Gr. Our category will consist of perverse sheaves, which, however, 
do not "live" on Gr, but rather on an algebraic stack Bunx, which is defined using a 



global curve X (see Sect. |5.4.4p . 



1.2.3. The stack Bunx is the Drinfeld compactification of the moduli space of N- 
bundles on X. This stack has been used in dealing with several other problems of 
geometric representation theory [||, fj], f|]. 

Let us sketch the definition in the simplest example of G = GL(2). In this case, the 
stack Bunx classifies short exact sequences 

-> X -> £ -» X -> 0, 

where Ox is the structure sheaf on X and £ is a rank two vector bundle. In other words, 
it classifies rank two vector bundles £ with det £ ~ Ox, together with an embedding 
of the trivial line bundle into £ (i.e., a maximal embedding of sheaves Ox *— > £)• 

The "compactification" Bunx of Bunx classifies rank two vector bundles £ (with 
det £ ~ Ox); together with an arbitrary embedding of sheaves Ox *— ► £• 

The definition in the general case follows the same lines and we refer the reader to 
Sect. for details. 
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Informally, from the point of view of P^^(Gr), the idea of introducing Bun^v is 

as follows. Since N(JC) -orbits on Gr are infinite-dimensional, it is natural to try to 
"quotient them out" by a subgroup of N{%), which acts almost freely on the N(%)- 
orbits in Gr. There is a natural candidate for such a subgroup: fix a projective curve 
X and a point x £ X (so that % ~ % x ) and consider the group N out C N(JC) of maps 
(X-x) -► N. 

The quotient S/N out of a single iV(3C)-orbit S on Gr makes perfect sense: this is 



the stack Bun^r- In Sect. 7.1.1 we give a precise scheme-theoretic definition of the 
closure S of S. This is an ind-scheme, which appears to be highly non-reduced (see 
Remark |7.1.2| ). Unlike the case of S, it is not quite clear what the quotient of S by 
iVout should be, since in general the quotient of an ind-scheme by an ind-group is not 
an algebraic stack. 

In fact, there is a natural morphism S — > Bunjv- The image of the corresponding 
map at the level of Fq-points is the set-theoretic quotient S/N out . But in general it is 
a constructible subset of Bunw(Fg). For example, in the case of G = SL2, locally this 
subset looks like A 2 — (A 1 — pt) inside A 2 . Thus, there is no obvious way to interpret 
the naive set-theoretic quotient S/N out as the set of points of an algebraic variety or 
an algebraic stack. On the other hand, Bun^r is a well-defined algebraic stack, and so 
it may be viewed as an appropriate replacement for S/N out . 

An important feature of Bun^r is that it has a stratification analogous to the strat- 
ification of S by iV(3C)-orbits (see Corollary |2.2.9|) . But the dimensions of the strata 
on Bun^v are all even and equal to twice the naive (relative) dimensions of the corre- 
sponding iV(3C)-orbits on Gr. 

•3t 



1.2.4. The stack Bun/v (more precisely, its generalization Xi00 'Bun N introduced in 
Sect. 12.31) allows us to introduce the sought after category P* - (Gr). It will possess 

the following basic properties, motivated by the analogous properties of the Whittaker 
module W: 

(1) The tensor category P g ^q )(Gr) acts on P^YjX (^r) by "Hecke convolution func- 
tors". _ 

(2) The irreducible objects } in P^-,^- (Gr) are labeled by A G A ++ and the functor 

■3 : P G(6;c) (Gr) - P* (±) (Gr) given by 5F(S) - 1° * S sends A x to tf\ 

(3) Each ^ A (in spite of being an irreducible perverse sheaf) is an extension by of 
a local system from the corresponding stratum of the stack Bun^ T . 

1.2.5. As we will see in Sect. |0], the above properties (1) and (2) of P^^(Gr) 

formally imply that this category is semi-simple and that the functor 3 is an equivalence 
of categories. This will in turn imply (almost tautologically) property (3). 

Property (3) of the sheaves \I / (which are the sheaf theoretic counterparts of the 
functions (f)\) is perhaps the most intriguing aspect of the category P^^(Gr) and is the 

key point of this paper. We repeat that it means that * A has zero stalks outside of the 
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locus where it is a local system. An irreducible perverse sheaf satisfying this property 
is called "clean" and the appearance of such perverse sheaves in representation theory 
always has remarkable consequences. 

To contrast this to the case of G(0)-equivariant sheaves, note that while the category 
of P G ^(Gr) is semi-simple, the irreducible objects A\ of P G ^(Gr) have non-zero 

stalks on all G(0)-orbits that lie in the closure of the orbit Gr\ 

1.2.6. Remark. As we have seen above, iV(3C)-orbits on Gr are enumerated by A G A 
but only those corresponding to A G A ++ can carry elements of W. 

However, the stack x ^Bun^y will have many more strata, among which we single 
out what we call the relevant ones (the latter will be in bijection with A ++ ). The 
perverse sheaves belonging to Pjy^(^ r ) w ^ u nave non-zero stalks only on the relevant 
str£itct. 

1.2.7. Another source of motivation for us was the following. Although our definition 
of P^^(Gr) is not obvious, it is easy to formulate a sheaf counterpart of formula ( |1.6|) . 

Denote by Gr A the closure of the orbit G7(6) • X(t) in Gr and by S u the N(%)— orbit 
of v{t) G Gr. The variety Gr n S y is finite-dimensional and if n G A is such that /x + v 
is dominant, the character Xn '■ N(%) — > G a gives rise to a map x v : Gr n S v — > G a 



(cf. Sect. 7.1.4 for the definition of xjQ- Let dip be the Artin-Schreier sheaf on G a . 

The following is a generalization of our Conjecture 7.2. from [|J (in || it was stated 
for \i = 0, and in that form it was subsequently proved by B. C. Ngo (l^] for G = GL n ). 

Theorem 1. For A G A ++ and fi, v G A with \i + v G A ++ the cohomology 
(1.7) ff c fc (Gr A n^,4^ nS „^;i^ ns ;^)) 

vanishes unless k = (2v,p) and /i G A ++ . In the latter case, this cohomology identifies 
canonically with Hom iG (y A (g> V, V^ +u ). 

At the end of this paper we will prove this theorem using our category P x - (Gr) 

AT(3C) 

and mainly the "cleanness" property of the objects ^ mentioned above.Q 

It will turn out (as in the function-theoretic setting) that the stalks of the convolution 
(A) are isomorphic to the cohomology groups appearing in (|l 



By passing to the traces of the Frobenius, the above theorem entails formula (1.6), 
and hence (in the case [i = 0) the Casselman-Shalika formula fll.4j ), as explained in 
Sect. 6 of ||. Thus, we obtain a geometric proof of the Casselman-Shalika formula. 

1.3. Contents. The main part of the paper is devoted to the study of the Drinfeld 
compactification Bunjy and a certain category of perverse sheaves on it. 

We start out in Sect. ^ with the definition of the stack Bun^y and its ind- version 

x,oo 

Bun N . 



2 This approach to the Casselman-Shalika formula was suggested to one of us (D.G.) by his thesis 
advisor, J. Bernstein, several years ago. 
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In Sect. II we focus on the properties of Bun^T that are related to the iV(3C)-action. 
An important fact proved in Sect. |3] is that the embedding Bun^ T <—* Bun^ T is affine, 
which is an analogue of the fact that the embedding S u S u is affine. In addition, 
we prove that Bun^ T is topologically "contractible" (by analogy with S u , which is 
isomorphic to an infinite-dimensional affine space). 

In Sect. we introduce our main objects of study-the perverse sheaves on Bun^r 
or, rather, on its twisted version Bun^y • We formulate Theorem ||, which expresses 
the cleanness property of the perverse sheaves and its generalization, Theorem ||, 
which is the main result of this paper. 

In Sect. H we introduce the main tool needed for the proof of Theorem - the action 
of the category P G (q \(Gt) on the derived category of sheaves on I]00 Bun N by Hecke 
functors. 

In Sect. |6| we derive Theorem |3] from Theorem |], which describes the action of the 
Hecke functors on our basic perverse sheaves. 
Sect. @ is devoted to the proof of Theorem ||. 

Finally, in Sect. ^ we prove a generalization of the conjecture from ||] (see Theorem |] 
above). 



1.4. Notation and conventions. From now on, we replace the field ¥ q by its algebraic 
closure ¥ q . 

Throughout the paper, X will be a fixed smooth projective connected curve over ¥ q . 

Furthermore, G will stand for a connected reductive group over ¥ q . We fix a Borel 
subgroup B C G and let N be its unipotent radical and T = B/N. We denote by A 
the coweight lattice and by A the weight lattice of T; (, } denotes the natural pairing 
between the two. 

The set of vertices of the Dynkin diagram of G is denoted by 3; A ++ denotes the 
semigroup of dominant coweights and A + the span over Z + of positive coroots; A ++ 
and A + denote similar objects for A; p € A is the half sum of positive roots of G and 
wo is the longest element of the Weyl group. 

For A € A ++ , we write V A for the corresponding Weyl module, i.e., 



V A = T(G/B,&_ 



■wo (A) ) 



where £~>_ v}q q\ is the line bundle on G/B corresponding to the character — wq{\) of T. 

We obtain a collection of canonical embeddings V A+/i — > V A (g> for all A, fi € A ++ . 

For A G A ++ , we denote by V x the irreducible representation of L G( < Qg) with highest 
weight A. 



This paper will extensively use the language of algebraic stacks (over ¥ q ), see 
When we say that a stack ^ classifies something, it should always be clear what an 
jS-family of something is for any F g -scheme S, i.e., what is the groupoid Hom(S', y), 
and what are the functors Hom(S , 2,y) — > Hom(S'i,y) for each morphism Si — > S , 2- 

For example, if H is an algebraic group, we define Bun^- as a stack that classifies 
ii-bundles on X. This means that Hom(S', Bun//) is the groupoid whose objects are 
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.H-bundles on X x S and morphisms are isomorphisms of these bundles. Pull-back 
functor for S\ — > S2 is defined in a natural way. 

Let x € X be a point. We will denote by X (resp., % x ) the completion of Ox at 
x (resp., the field of fractions of X ). We will use the notation T) x (resp., D£) for the 
formal (resp., formal punctured) disc around x in X. They will not appear as schemes 
and we will use them only in the following circumstances: 

Let S be a scheme and assume for simplicity that S is affine, S = Spec(Os). An S— 
family of vector bundles on T) x (resp., D* ) is by definition a projective finitely generated 
module over the completed tensor product Qs®&x (resp., Qs®$Z x ). Similarly, one 
defines an S-family of G-bundles on D x or T>* . 

Let S be as above and let Y be another affine scheme Y = Spec(Oy). An S— family of 
maps D x — > Y (resp., D£ — > Y) is by definition a, ring homomorphism Oy — > s^^x 
(resp, Y -> S ®± X ). 

This paper deals with perverse sheaves on algebraic stacks. Although these objects 
make a perfect sense, the corresponding derived category is problematic: there is no 
doubt that the "correct" derived category exists, but a satisfactory definition is still 
unavailable in the published literature. 

For the needs of our paper, we could stay within the abelian category of perverse 
sheaves, and formulate all of our statements and proofs in terms of complexes of perverse 
sheaves and their cohomologies. However, doing so would be very inconvenient as it 
would force us to use cumbersome notation and increase the length of the proofs. For 
this reason, in this paper we will adopt the point of view that the appropriate definition 
of the derived category Sh(y) on a stack y exists. The interested reader can easily 
reformulate all of the statements below so as to avoid the use of the derived category. 

Thus, when we discuss objects of the derived category, the cohomological gradation 
should always be understood in the perverse sense. In addition, for a morphism / : 
Vi ^2; the functors f\, /*, /* and f' should be understood "in the derived sense". 

Let y be a stack, H an algebraic group and $h an -H-torsor over y. Let, in addition, 
Z be an -scheme. We denote by 3^h x Z the corresponding fibration over y, with the 

H 

typical fiber Z. (Unfortunately, the notation Ax B is also used for the fiber product of 

c 

A and B over C, but in all instances it will be clear from the context what the notation 
means). 

Now, if T is a perverse sheaf (or a complex) on y and 8 is an i?-equivariant perverse 
sheaf (or complex) on Z, we can form their twisted external product and obtain a 

perverse sheaf (resp, a complex) on $h x Z, denoted IMS, which is 7 "along the base" 

// 

and § "along the fiber" . 

2. Drinfeld's COMPACTIFICATION 

From now on, with the exception of Sect. ||, we will work under the assumption that 
the derived group [G, G] is simply-connected. 

2.1. The stack Bunjv. 
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2.1.1. Consider the moduli stack Bung of principal G-bundles over the curve X. We 
repeat that by definition, for an F g -scheme S, Hom(S', Bung) is the groupoid, whose 
objects are G-bundles on X x S and morphisms are isomorphisms of these bundles. 
One defines similarly the stacks Bung, Bun^ and Bun/v- 

We have natural morphisms of stacks 

p : Bun^ — ► Bunc q : Bung — > Buny, 
that send a given £>-bundle 3\b to the bundles 

P(?b) = 3" g := 3~ B x G, q(? B ) = ? T :=7 B xT = 5 B /N, 

B B 

respectively. 

The projection p is representable, but in general is not smooth and has non-compact 
fibers, while the projection q is smooth, but in general non-representable. 

Denote by 3^ the trivial T-bundle on X. It follows from the definitions that the 
closed substack q _1 (9 r j,) C Bun# can be identified with the stack Bun^r. In what 
follows, for a fixed T-bundle 3V we will denote by Bun^ T the closed substack q _1 (3V) C 
Bun#. 

Here is a Pliicker type description of the stack Bun^ T : 

2.1.2. Given a scheme S, Horn (5, Bun^ T ) is the groupoid whose objects are pairs 

(I^G, ft), where $g is a G-bundle onlxS and k = {k x } is a collection of maximal 
embeddings 

(2.1) /.- A :i:;V • V ':- ( .'- VAGA++. 

Here ££ t is the line bundle onlxS induced from 3~t by means of the character 

A : T — > G m , V^ g is the vector bundle on X x S associated with the representation V x 
of G and the G-bundle 

Recall that an embedding of locally free sheaves is called maximal if it is a bundle 
map, i.e., an injective map of coherent sheaves, such that the quotient is torsion- free. 

The above collection k of embeddings must satisfy the so-called Pliicker relations. 
Namely, given a pair of dominant integral weights of G, A and ft, the map 

4 T ® ^ T ^ V'h ® % G - (V X ® ^ha 
must coincide with the composition 

where the last arrow comes from the canonical embedding of representations — > 
V^F (see Sect. 0). 

The morphisms between two objects (^g,k) an d {$' g ,k!) in Hom(S', Bun^ T ) are 
isomorphisms between $g and $' G , which render the corresponding diagrams involving 
the maps k x , k' x commutative. 

The definition of the functor Hom(S , 2, Bun^ T ) — > Horn (Si, Bun^ T ) associated to a 
morphism S\ — > S2 is straightforward. 
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2.1.3. Example of G = GLi- Given a line bundle £ on X, let us denote by £& the 
algebraic stack classifying the short exact sequences: 

(2.2) 0^£^£^O x ^0. 

More precisely, the objects of the groupoid Hom(S', El) are coherent sheaves E on 
X x S together with a short exact sequence 

and morphisms are morphisms between such exact sequences which are identities at 
the ends. 

There exists a canonical map from E& to the affine space H 1 (X, £) which associates 
to every short exact sequence as above its extension class. Moreover, it is easy to see 
that the stack El is isomorphic to the quotient of £) by the trivial action of the 

additive group H°(X,L). 

Now, for G = GL2, a T-bundle 3~t is the same as a pair of line bundles £1 and £-2- 
Set £ = HiC^ii^ 1 - According to the definition, the stack Bun^ T is naturally isomorphic 
to Ejc- 



2.2. Compactification. 



2.2.1. As we remarked above, the fibers of the projection p : Bun# — > Bung are non- 
compact. The reason is that the variety of line subbundles of a fixed degree in a given 
vector bundle is non-compact. However, the latter has a natural compactification: the 
variety of invertible subsheaves of a fixed degree in a vector bundle, considered as a 
locally free sheaf. Following this example, V. Drinfeld proposed the following (partial) 
compactification of the stack Bun^ T along the fibers of the projection p. 

-3t 



2.2.2. Definition. The stack Bun^y classifies pairs (!Jg,k), where ZFq is a G-bundle 
on X, and n = is the collection of maps 

^:4 t ^ g , 

which are now embeddings of coherent sheaves (i.e., we do not require any more that 
the quotient is torsion- free). These embeddings must satisfy the Pliicker relations in 



the same sense as in Definition 2.1.2 



More precisely, the objects of the groupoid Hom(5, Bun^) are pairs (CFck), where 
$G is a G-bundle onlxS and n = {k x } is a collection of embeddings 

(2.3) ^ : 4 t ^v|. gJ VASA++, 

such that the quotient V^/L^ is S'-flat and the Pliicker relations hold. Morphisms 



in Hom(S', Bun^y ) are defined in the same way as in Hom(5, Bun^ T ). 
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-Sir 



2.2.3. It is clear that Bun^ is an open substack of Bunjy , and we denote by j the 

corresponding open embedding. One can show that Bun^ is dense in Bun^y . We will 
not need this fact and the reader is referred to [H] for the proof. 
We will denote by p : Bun^y — > Bun^ the natural projection: 

P(?g,k) = 3" g . 

It is clear that the morphism p extends p, i.e., that p = p o j. Moreover, we have the 

following statement, which follows from the fact that the variety of invertible subsheaves 

of a fixed degree in a given vector bundle is a complete variety. 

-3t 



Consider the natural T-action on Bun^y : a point r € T acts on a point (S^, k) G 

iV 



Bun^ T by multiplying each by A(r). The projection p clearly factors as Bun T 



Bun^ T /T — > Bung. 



2.2.4. Lemma. The morphism p : Bun^/T — ► Bun^r is representable and proper. 

This is the reason why Bun^y is called a "compactification" of Bun^ . 

2.2.5. Example. Let us again consider the case of G = GL2 using the notation of 
Sect. gXg . 



In this case Bun^ T is the stack that classifies the triples (£, K\, k 2 ), where £ is a rank 
2 bundle on X, k\ (resp., K2) is a non-zero map £1 — > £ (resp., £ — > £2) such that the 
composition K2 o «i vanishes and the induced map 

det(£) -» £,j <g> 

is an isomorphism. 

The fiber of p over a rank 2 bundle £ is the vector space Hom(£i, £) with the origin 
removed. 

Note that Bun^ T is stratified by locally closed substacks ^Bun^d > 0, which 
classify those triples (£., K\, K2), for which the divisor of zeros of k\ is of order d. In 
particular, oBunjy T = Bun^ T . 



Let us describe the F^-points of the substacks ^Bun^r • A point of Bun^ is an 
isomorphism class of extensions 



-> £1 -> £ -» L 2 -» 0. 
;/ jmujii^ * »i Bun^ 1 



Hence the set of F^-points of Bun^ T is H l (X, L), where £ = L\ <g) ^ 2 1 - A point of 
-St 



iBun^r is an isomorphism class of extensions 

-» -» £ -> £ 2 (-x) -» 0, 



-3t • 



with some fixed x £ X. Therefore the set of F g -points of iBun^y is the set of points 
of a vector bundle over X with fiber H (X, £j(2x)) over x € X. Likewise, we find that 

the set of Fq-points of ^Bun^r is in one-to-one correspondence with the set of points 
of a vector bundle over S d X with the fiber L(2x\ + . . . + 2xd)) over the point 

xi + . . . + x d G S i X. 
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2.2.6. The following statement shows that we have a similar stratification of Bun^y 
for general G. It is here that the assumption that [G, G] is simply-connected, which 
was made at the beginning of this section, becomes essential. 
Suppose that 3^' T is a T-bundle, such that 

4 T = 4 T (l> fe ' ^ ■ Xfc ) ' vA G A - 

Then we will write: 



2.2.7. Proposition. Let (?g, k) be an¥ q -point o/Bun^y . Then there exists a unique 
divisor D = ^ fc • x^ with G A + such that for $' T = < Jt{D) the meromorphic maps 



are regular everywhere and maximal. 

2.2.8. Proof. For each i G J, pick a fundamental weig ht Ui G A++. 
Let D[ be the divisor of zeros of the map 

Set D = A ■ a x . It is easy to check that D satisfies all the requirements. 



2.2.9. Corollary. Bunjy is stratified by locally closed substacks 7 Bun Ar T ; with 7 = 
— Xaej^i^i e — A + . TTte substack 7 Bun^ T is a bundle over Y\ ie:j S di X whose fiber 



rr/ Bnn N T at 



3"' 

is isomorphic to Bun^ 7 *, where 



V iea mi=i / 



The above substacks Bun^ T give us a stratification of Bun^ . We note that the 
codimension of the stratum Bun^ 71 in Bun^ T equals 2 Xa^J thus, it is always even. 



14 
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2.2.10. Remark. Consider the stack Bunj^/T for G = GL(2). In @ and f|| [t was 



shown that an appropriate semi-stability condition defines in Bun^/T an open sub- 
stack, which is in fact an algebraic variety, and which can be constructed by a series of 
blow-ups and blow-downs in the projective space PH 1 (X, £). 

Moreover, this description (referred to as "geometric approximation") defines on this 

open substack of Bun N /T a stratification that coincides with that of Corollary [2.2.9| . 

For general G, such a description of a semi-stable part of Bun^T/T appears to be 
unknown, and it would be interesting to find one. 

2.3. Generalizations. 

2.3.1. In addition to the stack Bun^y , it will be convenient for us to consider its 
generalization described below. 

Let x = {x\, x n } be a collection of n distinct points on X and let V be an n-tuple 

of elements of A. Let ^-pBun^y be the stack classifying the data of (7(2, re), where 
k = is now a collection of arbitrary non-zero maps of coherent sheaves 

K X :^ T ^V^ G ^(v k ,\)-x k y 

subject to the Pliicker relations. 

In particular, when n = 1, x = {x}, V = {V}, we will write Xjl/ Bun^ T instead of 

Si -pBun^ T . 



By definition, the Bun^y is nothing but ^Bun^y and for a general v we have a 
natural isomorphism 

(2.4) x,FBun"J T ~BunJ T , 

where 

W r will use the notation z/' > V if for every k = 1, re, vL — v k G A + . It is clear that 
if V 1 > V, then there is a natural closed embedding 

3^T T5 




^Bumy ^ WV 'Bun N 



We define the ind-stack SjOC Bun^ T to be the inductive limit of i^Bun^ as v G (A + )™. 



Note that for 17,17' £ A n , the closed substacks ^Bun^ and ^^Bun^ belong to the 



same connected component of ^ i00 Bun^ T only if for every k the projection of u' k — v k 
to A/Span{A + } ~ wi(G) equals 0. 



■'J T 



In what follows, we will continue to denote by p the natural map ^^Bun^ — > Bung-. 
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2.3.2. We will also need the following locally closed substacks of ^ooBun^y . 



Let us denote by 



jv ■ x,v Bun ^ T aj i00 Bunf T 



1 jv — ' x,oo J ->Liiijv 

the locally closed substack corresponding to those pairs (JJgj k )> f° r which each map 

is regular and maximal for all A € A ++ on the whole of X. 

Note that under the isomorphism (|2.4J) , x,v Bun ^ goes to Bun^ . 
Let us also introduce the locally-closed substack 

~ 3t 3r 

Jf : i,i/BunjY ^ i00 Bun^Y 

as the locus corresponding to pairs k a ) for which each map 



is regular and is moreover maximal in a neighborhood of |J x k for all A € A ++ . Note 

k=l 

that this is equivalent to saying that the quotient V^ g (X^/c^fcjA) ■ x k ) /£y T has no 
torsion supported at any of the points x\, ...,x n . 

To summarize, for each V we have a sequence of embeddings: 

^Bun^ ^ ^Bun^ ^Bun^ S)00 Bun}^ T , 
where the first two arrows are open embeddings and the last arrow is a closed one. 

3t 




3. Properties of Bunjy . 

In this section we will prove several important technical facts concerning the structure 
of Bun}^. These facts will not be used until Sect. ||. 

3.1. Presentation as a double quotient. 

3.1.1. The structure of N(3C y ). Let y be an Fg-point of X. Let G(0 y ) (resp., G{% y )) 
be be the group scheme (resp., group ind-scheme) that classifies maps T> y — > G (resp., 
Dy — > G) (cf. Sect. |1.4| ). In a similar way we define the corresponding objects for N, 

namely JV(6„) and N(X y ). 

We will now recall some useful facts about the structure of N{% y ). For the most 
part, the discussion below applies to any unipotent algebraic group (in our case it will 
be N). 

Note first that N(% y ) is not only a group ind-scheme (i.e., a group-like object in the 
category of ind-schemes), but actually an ind-group scheme. In other words, N(% y ) 
can be represented as a direct limit of certain group schemes N~ k ,k > 0. Moreover, 
each N~ k is an inverse limit of finite-dimensional unipotent groups. 
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Furthermore, for each k we may find a normal subgroup N k of N~ k , such that 
N k C N(6 y ), and N(6 y ) = \imN(Q y )/N k . We denote by N k (resp., N' k ) the quotient 
N- k /N k (resp., N(Q y )/N k ). 

For example, in the case of GL2, when N = G a , A" fe (resp., N~ k ) can be chosen to 
be t~ k y (resp., t y ), where t is a formal coordinate at y. 

3.1.2. So far, our discussion has been local, i.e., we used only the formal neighborhood 
of y in X. Now the curve X defines a group ind-subscheme N out of N(X y ), such that 
Hom(S, AUt) = Hom(5 x {X - y), N). 

Note that any G a -bundle over an affine scheme is trivial. Hence, any iV-bundle 
over (X\y) x S, where S is any F^-scheme, can be trivialized locally on S in Zariski 
topology. This allows us to obtain all iV-bundles by "gluing" together trivial bundles 
over X\y and T> y by a "transition function" on D*, which is an element of N(X y ). 

Thus, informally one can think of Bun^ as the double quotient N out \N(X y )/N(Q y ). 
To avoid quotiening out by the ind-group AT out , we replace N(X y ) by a large enough 
subgroup N~ k . Then, for large enough k, we obtain a description of Bun^ as the 
double quotient N out:k \N~ k /N(Q y ), where N outjk = N out n N~ k . 

3.1.3. The analogous description of Bun^ T for any T-bundle 3V over X is obtained 

/ 

as follows. Let us choose an embedding T <^-» B and consider the induced f?-bundle 

& B ■= <5 T x B. Let ^ T be the group scheme of endomorphisms of 3^ that preserve 
the identification 3^/A" ~ 3~y. 

We have the ind-group scheme N ?T {X y ) = r(D* and its sub groups 

= r(D„ N^) and AT^ = T(X - y, N^). 

Let us fix a trivialization of the restriction of a T-bundle 3~t to D y : 

e : 3rla3 y 3r|iv 

Then we can identify N* T (Xy) and N* T (Q y ) with N(X y ) and iV(6j,), respectively, and 
consider AT^ as a subgroup of N(X y ). 
Set 

^ = ^tnAr- fc cAT(±,). 

This is a finite-dimensional unipotent group scheme for any k and we have a map 
^OTit & — * = N~ k /N k , which is injective when is large enough. Moreover, we have 

3.1.4. Lemma. For any k, a normal subgroup of finite codimension in N k acts freely 
on the quotient AT^ k \N~ k , so the double quotient N^ t k \N~ k /N(Q y ) is a well-defined 
algebraic stack (of finite type). Moreover, we have a natural map 

N^ t , k \N- k /N(d y )^Bun^, 

which is an isomorphism for k large enough. 

3.2. The canonical A^O^-torsor. 
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3.2.1. Let 7q be an S'-family of G-bundles on X. By making a restriction from X to 
D y , we obtain an S'-family of G-bundles on D y (cf. Sect. 

Note that an S-family of G-bundles on D y is the same as an G(0 J/ )-bundle over S. 
This construction yields a canonical G(Oj / )-torsor over Bunc, which we will denote by 
%■ 

Analogously, we define the canonical -B(Oy)-bundle H y over Bun#. The datum of 
e gives us a reduction of ®yl Bun ST to N(0 y ). We denote the corresponding N(Q y )- 

bundle over Bun^ T by N y . The important fact is that the action of N(0 y ) on N y 

extends naturally to an N(3C y ) -action. Loosely speaking, N(JC y ) acts by changing the 
transition function of an iV-bundle on 2) * . A precise construction of this action is 
given in the proof of Lemma 3.2.7 below. 

3.2.2. Informally, one can say that ~ N Q ^\N(% y ). More precisely, Lemma |3. 1 .4 
implies the following result: 

Corollary. For every k we have a natural map N Q ^ t k \N~ k —* J<i y , which is an iso- 
morphism for k large enough. 

Clearly, the N~ k action on N ~K u\N~ k coincides with the one that comes from the 
above mentioned A^(DCj / )-action on and the embedding N~ k N(% y ). 

3.2.3. Consider the ^-bundle k N y = N e y /N k over Bun^ T . Lemma |3.1.4| implies: 

3.2.4. Corollary. For k large enough, we have an isomorphism of N' k -torsors over 
Bun^ T ; 

In particular, for large k, fc 3sf^ is an affine scheme, which is isomorphic to a tower of 
affine spaces. 

3.2.5. Example. Let us illustrate the above discussion on the example of G = GL(2). 
In this case, we have an isomorphism Bun^ T ~ £^ for an appropriate line bundle £ (see 
Sect. 2.1. 3| ) . The trivialization e identifies N(0 y ) with H (T> y , L). The stack Bun^ T is 
isomorphic to 

H\X, fL)/H°(X, £) ~ H°(X - y, £)\± y /6 y . 
The scheme N y can be identified with 

Hl{X-y,L) :=\\mH\X,Sl{-k-y)) ~ H°(X - y,L)\± y . 
In addition, we have: 

k W y ~ H\X,L(-k ■ y)) ~ H°(X - y,H)\X y /H°(V y ,H(-k ■ y)). 
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3.2.6. Now we would like to extend the N(0 y )— torsor 'Ny from Bun^ T to the compact- 
St 

ification Bun^y • Unfortunately, this does not seem to be possible. The problem is that 
those points of Bun^y , for which at least one of the maps 

■ St V S G 

has a zero at y, do not give rise to genuine B-b undies on D y . 

■St 



However, N y can be extended to the open substack ^Bun^ C Bun^y , since by the 

- — -S T 

definition of ^oBun^y , the data of e gives rise to bundle maps 

Ob.-Vy^, A G A ++ , 
which satisfy the Pliicker relations. Therefore we obtain a reduction of the G(Oy)-torsor 

Stfl ng ~% tO N(6y). 

We denote the resulting A r (O y )-bundle over ^oBun^y by N^. More precisely, JS y 

S T 

classifies triples (3^g,k,<p), where (%/t) G ^oBun^y and hence gives rise to a well- 
defined iV-bundle on D y , and <p is a trivialization of this bundle. 

The following fact will play an important role in the proof of Theorem [|. 

3.2.7. Lemma. The N(0 y ) -action on N y extends naturally to an N(0C y ) -action. 

3.2.8. Proof. As was mentioned above, the action will come from "changing the tran- 
sition functions over D * " . 

For a pointj] (3^, k, f) of N e and a point n G Ji(% y ), we will produce a new point 
($' G ,K,',ip') of N e as follows. We set (3^, K,')\x-y = (^d ^Ix-y To define the triple 
(S'q, k' ,(p') at y, we fix an affine neighborhood Xq of y. The trivialization (p attaches 
to G H°(X - y, V^ G ) its Laurent expansion at y, which we denote by (f> G V A <8> 3C y . 
We define 9q on Xo by the following condition: the sections of V^, on Xq are precisely 
the sections (f) G H°(Xq — y, ) such that n • (f> G V A (g) y . It remains to check that 
the map k' indeed maps £j^ t to V^, . This follows from the fact that the image of the 

map k^\<T)X ■ £<j- t Idx — » V-j-qIdx is A^(3tjy)-invariant. 

Finally, note that the G-bundle Cfg. comes with a tivialtization over and by 
construction this trivialization is compatible with k' . This gives the trivialization ip' . 

Note that the A r (3Cj / )-action does not preserve the projection J$ y — > Bun^ T . 
3.3. Affinness. In this section we prove the following statement, which will be used 



in the proof of Proposition 6.2.1 



3.3.1. Proposition. The open embedding ^Bun?^ Bun^ T is affine. 



3 By a point we mean, as usual, an S'-point for an arbitrary F 9 -scheme S. 



WHITTAKER PATTERNS ON MODULI SPACES OF BUNDLES 



19 



3.3.2. Recall that we have an isomorphism (p.4|), which identifies lirBunJ and Bun^ 



as well as their closures. Therefore to prove Proposition 3.3.1 it suffices to show that 
the embedding Bun^ T Bun^ T is affine. 

For fi G A + , introduce an open substack Bun^ of Bun^. It classifies those pairs 
(3"g,^) for which the torsion part of the quotient sheaf V^ G / Im(«; A ) has length less 
than or equal to (fx, A), for all A G A ++ . 

Clearly, Bun^g = Bun^ and Bun^„ C Bun^ if v — \i G A + . For y G X let 

- — 3r ~3" T 3? T 

y fiB\m N ^ = j/.oBun^ n Bun^. 

rjr^ - g" T 

It is clear that that every F^-point of Bun^y belongs to ^oBunjy „ for some y and 

or - 

\x. Hence, it is sufficient to show that the embedding of Bun^ into every ^oBunjy „ is 
affine. 



Now Proposition 3.3.1 follows by combining Corollary 3.2.4 and the following result. 
Denote the ^-bundle N y /N k by k W y . 

,~ — ? T 

3.3.3. Proposition. For fixed 3V ; H and y, the restriction of Ny to ^oBun^ is a 
scheme when k is large enough. 

3t 

3.3.4. Proof. First, we claim that the stack ^oBun^y is of finite type. This follows 
from: 

' 3t _ St 

Lemma. The image of y^Bun^ under the projection p : Bun^r — > Bun^ is contained 

in an open substack U o/Bunc of finite type. 

Proof of the lemma. Let A G A ++ be a regular weight and let {rj} be the collection of 
weights of V A . We can choose v G A such that 

(u, A) > max (/jf + deg^-r), v)- 

" ■ rr 

Let "Sq be a G-bundle in the image of y^Bun^ under the projection p : Bun^ — » 
Bun^. By definition, it admits a l?-structure of degree deg(3 r r) + // for < // < \i 
(here by degree of a B-bundle we understand the degree of the corresponding T-bundle, 
which is an element of A). Then the associated bundle admits a filtration, whose 
successive quotients are line bundles of degrees (// + deg(?r), fj). 

Therefore does not admit a line subbundle of degree (z/, A) for any u' > v. 
Hence, 3q does not admit a l?-structure of degree greater than or equal to v. But it 
is well-known that the open substack of Bung, which classifies such G-bundles, is of 
finite type. □ 



Recall the canonical G(Oy)-bundle S y over Bung from Sect. 3.2.1 , For i > 0, denote 
by G % the i-th congruence subgroup of G(Q y ) and by Gi the quotient G(O y )/G l . The 
stack-theoretic quotient l S y := 9y/G l is a principal Gj-bundle over Bung. It is well- 
known that for any open substack U C Bun^ of finite type, there exists an integer 
i > such that the restriction of l $ y to U is a scheme. 
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Since p is representable, we obtain that on the one hand, l 9J — 3" T is a scheme. 

%,0 Bun JV, M 

On the other hand, by definition, the induced G(0 y ) -bundle Ny x G(0 y ) can be 

N(Oy) 

canonically identified with S«| — ? T • 

Now, for every i > we can find an integer k > such that iV fc C N(0 y ) D G\ 
Therefore for a given z and large enough fc, we have an isomorphism of Gi -bundles: 

k W y x Gi ~ i S 1 /| ~^ T . 

Hence for i and /c large enough, x is a scheme. Since the stack k Ni admits a 

N '* 

representable morphism to fc !Nf\ x Gi, it is also a scheme for z and k large enough. 
This completes the proof of Proposition 3.3.3 and therefore of Proposition 3.3.1. 

4. Sheaves 

4.1. Evaluation morphisms and perverse sheaves. 

4.1.1. For a fixed S't £ Buny consider the affine space: Y\ ie3 H 1 (X , . 
We construct a natural morphism: 

eviBun^^n^ 1 ^'^)- 

First, let us consider the case G = GL2- Let £i and £2 be as in Sect. |2.1.3j . Then 
£j^ t ~ £ := Li (g) £2 ■ The map ev is just the composition 

Bun^ T ~ > H^(X,£j). 

To define the morphism ev for general G we construct for every i € 3 a two- 
dimensional representation V 1 of the group B. Its restriction to T C B is the direct 
sum 1 ® l 6 ' of the trivial one-dimensional representation 1 and the one-dimensional 
representation corresponding to the character B — ► T — > G TO . The subgroup N C B 
maps 1 to 1°' via the projection 

N -» N/[N, N] -» Span{Qi}. 

Thus, we have a short exact sequence of -B-modules 

_> 1* _> V 1 -»• 1 -> 0. 

By definition, a point (9"gi k ) G Bun^ T defines a -B-bundle ^Fg on X, such that Vgr s 
fits into a short exact sequence: 

-> -> V 1 ^ -> Ox - 0. 

Hence we obtain a morphism of stacks Bun^ T — > £ &J (the latter is defined in 

Sect. 2.1. 3j ). By composing it with the canonical map fLaj — > H l (X, ) we obtain 
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a morphism 

evtiBun^ ^ H\X,L%). 

Finally, we set ev = Y\\& ev i- 

4.1.2. To define our sheaves on Bun^ T we need to choose additional data. 
Suppose that for every ; € J we are given an embedding 

zu x : ^'p T c — ► 

Let w denote the collection {tcj}, Vi £ 3. 

To such zu we assign its conductor, cond(tu), which is a divisor on X with values in 
the semi-group A^,+ of dominant co- weights of the group G a d, where G a d := G/Z(G). 
Namely, we set (cond(ro), a{) equal to the divisor of zeroes of the map w x for all i € J. 

For a point x € X, the conductor of w at x, denoted by cond x (w), is by definition 
an element of Aj+ equal to the value of cond(ro) at x. 

or 

4.1.3. Let us fix the data of w. We define a morphism ev ro : Bun^ — > G a as the 
composition 

Bun J" ^ Hh^X,^) ^ \[H\X,a) ~ G° a ^ G , 

where the last arrow is the map (a±, ...,a r ) — > a\ + ... + a r . 

Write dip for the Artin-Schreier sheaf on G a corresponding to a fixed additive char- 
acter ip :F q ^ Q* e and let be the local system on Bun^ T defined by 

:=ev;,(^)[djv], 

where djy = dimBun^ T . 

Let ^jj, be the perverse sheaf on Bun^y , which is the Goresky-MacPherson extension 

We also define complexes of perverse sheaves 
on Bun^r . 



Theorem 2. The canonical maps 



are isomorphisms. 



In other words, the *-restriction of to the complement of Bun^ T in Bun^ 
vanishes. 



4.2. The definition of the category of sheaves. 
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4.2.1. Next we reformulate Theorem ^ using the ind-stack ^ i00 Bun^ T . 



Let (x, v) be as in Sect. 2.3 and consider the stack ^ v B\m.-J'. Denote by pr the 



natural projection A — * Ac ad . Let us assume that for every k, the sum 

cond^ (tu) + pr(z^ fc ) 

is still a dominant coweight of G a d- 
We have an identification of stacks 

^Bun^ ~ Bun^ T , 

where $' T := "Jt (— Y^,k u k ' x k)- The above condition on w ensures that the correspond- 
ing meromorphic maps 

w[ : XL^i — > Q 

gf 

are regular. Hence we obtain a morphism ev ro / : Bun^ T — > G OJ and hence a morphism 

e<f : ^Bun^ -> G . 

Let = ( ev^ )*(??/>) [<^iv] be the corresponding local system on ^ Bun^ T C 

Sj00 Bun^ T . Let us denote by be the Goresky-MacPherson extension of ^^f, 

and ^ro^i and 'J/^"* be the corresponding complexes of perverse sheaves on S)00 Bunjy^. 

4.2.2. Definition. Let us fix data of zu, such that cond(tu) = (note that this means 
that we fix isomorphisms ~ Q). We define the Whittaker category as the 

full abelian subcategory of the category of all perverse sheaves on Si00 Bunjy , which 

consists of the perverse sheaves whose irreducible subquotients are the sheaves \P 
with ~P such that V\. € A ++ for all k = 1, n. 

The following is the main result of this paper. 

Theorem 3. (1) The category is semi-simple. 
(2) The canonical maps ^>^, 1 ' \ — > — * ^ro"* are isomorphisms. 

Theorem || will be proved in Sect. ||. As was already mentioned in Sect. [|, Theorem § 
will be be obtained as a rather formal consequence of the explicit computation of the 
action of the Hecke functors on W^, which will be introduced in the next section. 

4.2.3. We claim that Theorem ^(2) and Theorem ^ are equivalent. Clearly, Theo- 
rem ^(2) is a particular case of Theorem ||. Let us explain how to derive Theorem Q 
from Theorem ||(2). 

Suppose first that the center Z{G) of G is connected. This means that the map 
pr : A — > A(2 ad is surjective. In this case, starting with an arbitrary w, there exists a 
A-valued divisor D = ^ ■ on X, such that pr(D) = cond(ro). 

Thus, if we set "S' T := 3~x(D), we will have cond(-n7') = for the corresponding 

maps w[ : Z>^p — > f2. Moreover, we can then identify ^Bun^ with ^p+pBun^ , 
and identify their closures iri rr,ooBmiA r and £ 00 Bunjy r , respectively. The morphisms 
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or jn 

ev ro :-x,v Bun^ — > G a and ev CT / :-x,v+jz Bun^ — » G a coincide under this identification, 
as do the corresponding perverse sheaves. 

Therefore we see that in the case when Z(G) is connected Theorem |2| and Theo- 
rem |3](2) are equivalent. 

4.2.4. Let now G be an arbitrary reductive group, such that [G, G] is simply-connected, 

and consider the group G\ := G x T. Evidently, [Gi,Gi] is also simply-connected. 

Z(G) 

In addition, G\ has a connected center: Z(G\) = T and Theorem [2] for G\ follows from 
Theorem [3|. 

Let T\ denote the Cartan subgroup of G\; we have an embedding T > T\ and let 
S'Ti denote the induced Ti-bundle over X. 

We have a natural map of stacks Bun^y — > Bun^ 1 , which is easily seen to be an 
isomorphism. 

Moreover, the data of w for G defines the corresponding data w\ for G\ such that 
the sheaves ^^i, and match with the corresponding perverse sheaves for G±. 
Hence, Theorem ^ for G will follow from Theorem ||(2) for G±. 

5. HECKE FUNCTORS 

5.1. The afRne Grassmannian. 

5.1.1. Let x £ X be an F g -point, T) x the formal disc around x in X, and t a formal 
coordinate at x. The choice of the formal coordinate allows us to identify X with 
Wq[[t]] and % x with F 9 ((t)). 

Recall the group scheme G(0 X ) and the ind-group scheme G(% x ) that classify maps 
T) x —s- G and — ► G, respectively. 

The affine Grassmannian Gr is an ind-scheme defined as the quotient G{% x )/G{O x ). 
In other words, for a scheme S, Hom(5, Gr) is the set of pairs (&g, P), where 3^g is an 
5-family of G-bundles on D x and (3 is a trivialization of the corresponding family of 
bundles on T> x . 

Alternatively, one can define Gr using the global curve X: Hom(5', Gr) is a set of 
pairs (^c, f3), where $g is a G-bundle over X x S and (3 is a trivialization of the 
restriction of 3~g to (X — x) x 5. 

Evidently, to a data (Ug,/?) "over X" one can attach a data ($g,(3) "over D x " and 
the fact that the two definitions coincide is a theorem due to Beauville and Laszlo O. 

5.1.2. The first description of Gr implies that it carries a natural action of G(3C X ) 
and, in particular, of G(0 X ). For A £ A + let Gr A be the G(Oa;)-orbit of the point 
A(i) • G(Q X ) G Gr, where A(t) G T(3<: :c ) C G(X a ). It is easy to see that Gr A is 
independent of the choice of T C G and of the uniformizer t E. Q x . Furthermore, 
dim(Gr A ) = (A, 2/5) and Gr^ C Gr if and only of A > /i, i.e., when A — fi is a sum of 



positive roots of G - see, for example, [17]. The schemes Gr form a stratification of 
the underlying reduced scheme of Gr. 

5.2. The category Pg(o !c ) 

(Gr). 



21 



E. FRENKEL, D. GAITSGORY, AND K. VILONEN 



5.2.1. Since the closures of G(O x )-orbits on Gr are finite-dimensional, the abelian 
category P G ^g )(Gr) of G(O x )-equivariant perverse sheaves on Gr is well-defined. By 
definition, every object of this category is supported over a finite union of schemes of 
the form Gr . 

It is well-known that for every F 9 -point of Gr, its stabilizer in G(0 X ) is connected. 
Therefore, the irreducible objects in P g ^q \(Gr) are the Goresky-MacPherson exten- 
sions of constant local systems (appropriately shifted) on the strata Gr A ; we will denote 
these sheaves by A\. 

5.2.2. Theorem, (see |l7j) The category P G ^ ^(Gr) is semi- simple. 

We remark that the argument given in Sect. ^O] yields an alternative proof of this 
theorem. 

5.2.3. Next we will describe the convolution operation P G (b )(Gr). This construction 
is nothing but a sheaf-theoretic analogue of the definition of the algebra structure on 
H. 

Consider the ind-scheme Conv := G(X X ) x G(X x )/G(O x ). It is easy to see 

G(b x ) 

that this scheme represents the following functor: Hom(5, Conv) is the set of quadru- 
ples (3 G , ft , $g, ft), where $ G and $g are G-torsors over T) x , ft 1 is an identification 
^g\d x ~ * 3"gIx)X and ft is a trivialization ^gI^x — * ^g\xi x - 

There is an obvious projection p\ : Conv — ► Gr which sends the quadruple 
(GFgr, ft 1 , ft) to (3^g,P)', it is the projection on the first factor: 

G(X X ) x G(X x )/G(0 x )^G(X x )/G(6 x ) = Gr. 
G(d x ) 

Moreover, this projection realizes Conv as a fibration over Gr with a typical fiber 
isomorphic again to Gr. 

More precisely, Conv is a bundle associated to the G^O^-scheme Gr and G(0 X )- 
torsor G(X X ) -> G(X X )/G(6 X ) = Gr. 

Thus, starting from a perverse sheaf Si on Gr and a (^(O^-equivariant perverse sheaf 
S2 on Gr we can construct their twisted external product S1KIS2, which is a perverse 
sheaf on Conv (see Sect. |1.4| ). 

Note that the product map gives rise to a second projection 

Conv = G(X X ) x G(X X )/G(6 X ) - G(X x )/G(O x ) = Gr . 

G(d x ) 

On the level of the corresponding functors, this map sends a quadruple (3 G , ft 1 , ^G; ft) 
as above to (3~ G , ft')-, where ft' is obtained as a composition ft o ft 1 . We will denote this 
projection by p2- 

For two perverse sheaves Si and £2 on S with S2 being G(0 :r )-equivariant, we denote 
by Si * S2 the complex p2l(§i^§2)- By construction, if Si is also G(O x )-equivariant, 
then so is Si ★ S2. 
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5.2.4. Theorem. ([0]) For §1,82 G P G (g s(Gr), the complex §i * §2 is a perverse 
sheaf. 

Actually, even more is true: Si *§2 is a perverse sheaf for Si G P G (g )(Gr) and any 
perverse sheaf 82- However, we will not need this stronger statement. 

5.2.5. Thus, §1,82 1— > §i * §2 defines a binary operation on P^q )(Gr). It is easy 
to see from the definition of * that it admits a natural associativity constraint, which 
makes P g ^q )(Gr) into a monoidal category. 

In addition, the inversion g 1— > g~ l on G(% x ) induces a covariant self-functor on 
^G(6 )(G r )> which we will denote by S 1— > *§. 

The following theorem can be viewed as a sheaf-theoretic version of the Satake 
isomorphism (see Theorem |1.1.2j ) . 

5.2.6. Theorem. The category P^q )(Gr) admits a commutativity constraint, i.e., it 

is a tensor category. Moreover, as such, it is equivalent to the category Olep( L G) of 
finite- dimensional representations of L G in such a way that 

(1) The object A x G P G(S JGr) goes to V x . 

(2) Let O be the Verdier duality functor on P G (q \(Gr). The functor § — ► D(*S) 
corresponds to the contragredient duality functor. 



5.2.7. Remark. To be precise, this result has been proved in [10, 18] over the ground 
field C (in this setting, this isomorphism was conjectured by V. Drinfeld; see also fl7|| ). 
But the proof outlined in |j| can be generalized to the case of the ground field ¥ q ; see 
also @. 



5.3. The Hecke action on Xi00 Bun N . 



5.3.1. Definition. For a point x G X the Hecke correspondence stack "K x is defined 
as follows. For an F^-scheme S, Hom(5, !K X ) is a groupoid, whose objects are triples 
(3~G, P), where $g and "S' G are G-b undies over X x S and /? is an isomorphism 

P ■ &g\(X-x)xS — $g\{X-x)xS- 

The definition of morphisms in Hom(S', "K x ) is straightforward. 

Let h*~ and hT' be the projections !K X — » Bun G , sending (S^, CFg, /3) to 5"g and 9^, 
respectively. 

5.3.2. Recall the G(Oa;)-bundle S x over Bung. It follows from the definitions that 
each of the projections h*~ and h~* realizes "K x as a fibration over Bung attached to 

and the G(O x )-scheme Gr: 



(5.1) 



X x ~Sx x Gr. 
G(b x ) 
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Thus, if S is an object of P G ^g^(Gr), we can use either h~ * or to produce objects 

8' and S r in Sh.(^K x ) by taking the twisted external product of S with the constant sheaf 
on Bun^. Note that there is a natural isomorphism 

(5.2) (*S)' ~ S r . 

Let Sh(Bunc) be the derived category of Q^-sheaves on Buno It is well-known that 
P G (q )(Gr) "acts" on Sh(Bunc) by convolution (this action is used in the definition 
of "Hecke eigensheaves" in the geometric Langlands correspondence). We will need an 
analogous action of P G (q )(Gr) on the derived category Sh( X)00 Bunj V T ) of Q^-sheaves 

on X)00 Bun^ T . 

5.3.3. Let Z denote the fiber product 

(5.3) Z = 'K X x x,tx>Bunj V T , 

Bung 

where the morphism "K x — ► Bun^ that we use in the above formula is the projection 

In other words, Z is a fibration over ^^Bun/ that corresponds to the G(O x )-torsor 
g x | — j- T and the G(O x )-scheme Gr. 

5.3.4. Proposition. There exists a second projection Z — > xoo Bun^ which renders 
the diagram 



(5.4) 



3 Bun^ T <— Z — — > X)00 Bun^ T 



'P 

Bung "K x — — > Bung 



commutative. Moreover, the left square in the above diagram is Cartesian as well. 

-5F T 



5.3.5. Proof. By definition, the stack ^^Bunjy classifies pairs (Jg,/?), where where k 
is a collection of maps 

k A :4 t ^V^(oo-x) 

subject to the Pliicker relations. 

Therefore, the stack Z classifies triples (^g, 3^, k, /?), with "Jq and k are as above 
and (3 is an isomorphism 3^g\x-x — ^'clx-x- 

Hence, from n and f3 we obtain a system of maps 



k' a :^ t -V^(oo.x), 

which satisfy the Pliicker relations. 

Let us set f h^(3^a, 3^, k, 0) = (3"g 5 k ')> with the collection k' = {k' x } defined above. 
It is clear that the left square of the above diagram is commutative and Cartesian. 



WHITTAKER PATTERNS ON MODULI SPACES OF BUNDLES 27 

5.3.6. The morphism 'K~* realizes Z as a fibration $ x x Gr. Therefore given 8 € 

G(b x ) 



^G(0 )(^ r ) anc ^ ^ e Sh( :rj00 Bun A f T ), using the notation introduced in Sect. L4, we 
can form the twisted tensor product (TKlS) r . Note that because 'h*~ is proper on the 
support of (TKIS) r , we have 

'/C((Tis) r ) = 'hraimy). 

We then set: 

(5.5) T*S :='hr((7M§Y) = '/C((Ti§) r ). 

Analogously, considering Z as a fibration S x x Gr corresponding to the morphism 

G(0 X ) 

'h*~, we can construct the twisted tensor product Then we obtain a functor 

"from left to right": 

7, § ^ S*T = 'V(( T ^(*§))0- 

5.3.7. Properties of the action. The Hecke functors defined above 

Perv^^Gr) x Sh( XjOC) Bun^ T ) -> Sh( Xj00 Bun^ T ) 
are compatible with the tensor structure on Perv G ^ ^(Gr) in the following sense: 

5.3.8. Lemma. For any Si, §2 £ Perv^g ^(Gr) we have functorial isomorphisms 

(T*Si)*S 2 ~T*(S 1 *S 2 ), 
§i*(S 2 *T)) ~ (Si*S 2 )*T, 

such that the pentagon identity holds for three-fold convolution products. 

Moreover, we also have the following proposition which follows in a straightforward 
way from the definitions.. 

5.3.9. Proposition. 

(1) The Hecke functors commute with Verdier duality in the sense that B(S*T)) ~ 
B(S)*B(T), and B(T* §)) ~B(T)*B(S). 

(2) For a fixed 8 E P G (o )(Gr), the functors 7 i— > 7 * 8 and 7 i— > B(S) * 7 from 

Sh( :rj00 Bun^ ) to itself are mutually both left and right adjoint. 

(3) There is a functorial isomorphism T*S ~ (*S) *7. 



5.4. Action on the canonical sheaves. 
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5.4.1. Now we take as S, the perverse sheaf A\, which is the Goresky-MacPherson 
extension of the constant sheaf (appropriately shifted) on Gr A . Note that we have: 
*A\ = A_ W0 ( X y 

The following statement, which will be proved in Sect, fj], is a crucial step in our 
proof of Theorem |3](1). 

Theorem 4. Suppose that cond x (tu) = 0. Then 



5.4.2. According to Lemma 5.3.5 and Theorem 5.2.6, for any fi 6 A + , there exists a 
functorial isomorphism 

(7 *A\) -kA^ ~ (B u€ A + (7*A„)®Hom LG {V u ,V x ®VL 1 ). 

Therefore we obtain: 

5.4.3. Corollary. Suppose that cond^w) = 0. Then 

(5.6) *A X ~ e, 6 A + C" ® Honu^V", V x V) 

5.4.4. The category -j(Gr). Let us explain why Theorem || and Theorem |] allow 
us to construct a category P?L^(Gr) which satisfies the properties listed in Sect. 1.2.4 . 

N(X) 

Choose data of w with cond(ro) = (in fact, conduce) = would suffice). Set 

(Gr) := W?L 

Then Theorem ^| implies that the Hecke action of P G (q \(Gr) on Sh( X)00 Bun Ar T ) 

preserves VQ% and that * A\ ~ \P^ A . 

This gives us the first two properties of P x - N (Gr). The third property is insured by 

Theorem 0L 

We will see in Sect. || that the computation of stalks of *A\ is equivalent to 

the computation of the cohomology (1.7). 

Our plan now is the following. In Sect. ^ we derive Theorem || from Theorem f|. 
Then in Sect. @ we prove Theorem f|. Finally, we use these results in Sect. || to prove 
Theorem [l|. 

6. Proof of Theorem || 
6.1. Proof of Theorem |(1). 

6.1.1. To simplify notation we will assume that x consists of one point x. The proof 
in the general case is exactly the same. 

To show that is semi-simple, it suffices to prove that 

Ext 1 (^,C)=0 

for any /j,, v G A ++ . 
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6.1.2. Step 1. We claim that it is enough to prove that 

(6-1) E X t 1 (C°,O = 0. 

Indeed, using Theorem |4| and Proposition |5.3.9| (2,3) we obtain: 

EbrtW, «£ A ) ~ Ext 1 ^ *.A^ A ) ~ ExtW,^ *A_ WoM ), 

which is a direct sum of terms of the form Ext (^^ , ),f £ A + , according to 
Corollary |5.4.3 . 



6.1.3. Step 2. We claim that it suffices to show that for all A S A + , 
(6.2) Ext 1 (C A ,C A ) = 0. 



.r.O 



First of all, (6.1) is obvious unless v E Spanjat}, for otherwise and live on 



different connected components of I]00 Bun^ T . Hence we can assume that v € Spanjcti}, 
which means that Z( L G) acts trivially on V u . 
The following result is well-known. 

Lemma. Let H be a reductive algebraic group over an algebraically closed field of 
characteristic and V be an irreducible H -module such that Z{H) acts trivially on V. 
Then there exists another irreducible H-module W , such that V is a direct summand 
inW ®W* . 



This lemma, combined with Corollary |5.4.3| , shows that for v € A + , there exists 

u> (A)- 



A € A ++ , such that VP—" is a direct summand in W!l *A 



Using Step 1, it is therefore enough to show that 

Ext^°,*S A *.A-™ (A)) 
for every A E A ++ . But Proposition |5.3.9| (2,3) and Theorem || imply: 

(6.3) Ext 1 ^ ,^ *^ (A)) * Ext 1 ^,!^). 



6.1.4. Step 3. Finally, to prove (p.2| ) let us recall the following well-known property 
of the Goresky-MacPherson extension. 

j 

Lemma. Let Yq > Y be an embedding of algebraic stacks and let Si and §2 be two 
perverse sheaves on Yq. Then the restriction map 

ExtHj!*(Si), j!*(§ 2 )) -» Ext^S^Sa) 

is injective. 

Hence, it is enough to prove that 
(6.4) Ext 1 . T (*S A ,*S A )=0. 
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Recall from Sect. 4.2.3 that we can identify \ x Bun^ with $ yX Bun^ = Bun^y T for 



3j. = 3"t( — X-x). Moreover, there exist w[ : L^, — > Vt of conductor X-x, such that under 
this identification the sheaf becomes = ^ m >. Therefore ( |6.4D is equivalent to 
(6.5) Ext 1 r , {^ vjl ^ vjl ) = 0. 

Bun N T 

Since is a rank 1 local system on Bun^ , Q6.5| ) is equivalent to 

Ext 1 y , (Qi,Q«) = 0. 

Bun^ 



According to Corollary p.2.4 , for k large, Bun^ ~ k Ji e /N' k and the space k Ji e y is 



isomorphic to a tower of afhne spaces. Hence 



Ext 1 & (Qt,Qt) = Exti w (Q e ,q e ) = H L (*N e )=0, 

where the first isomorphism follows from the fact that NL is connected. 
This completes the proof of Theorem |3](1). 

6.2. Proof of Theorem |(2). 

6.2.1. The key step in proving part (2) of Theorem ^ is the following proposition. 

Proposition 6.2.1. (1) The complex ^%^\ is a perverse sheaf. 
(2) belongs to the category W^. 

Let j : Yq w Y be an affine embedding, and £ a local system on Yq. Then the sheaf 
ji(£) is perverse sheaf. 



Therefore statement (1) of Proposition 6.2.1 follows from Proposition 3.3.1 



Now we turn to part (2) of Proposition 6.2.1 . 



6.2.2. Note that ^Bun^ is the union of the strata - u j Bun^ , where fa < = 
1,... ,n,z = {zi,... ,z m },\ = {Ai,... ,A m }, and Xj G -A + ,j = 1,... ,m. 

Call a stratum relevant if A = and fa £ A ++ for all i and irrelevant otherwise. 
Proposition |6.2.1| (2) will be derived from the following statement. 

6.2.3. Lemma. 

(1) The ^-restriction of to any irrelevant stratum is 0. 

(2) The perverse cohomologies of the *-restriction of to a relevant stratum 
xjjBun^ T are direct sums of copies of . 



Replacing 3"t by 



n 

Ui • X{ 
i=l 



transforms the sheaf vl/^" over ^Bun^ to over Bun^ T , where w' has conductor 
J2i V T { v i) ' x i- Thus Lemma |6.2.3 can be reformulated as follows: 
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6.2.4. Lemma. The perverse cohomologies of the ^-restriction of^^i to a stratum of 
the form ^pBun^ (where /ij £ — A + ) are zero unless pr(ni) + cond Xi (w') € Ag + for 
every i. In the latter case, they are direct sums of copies of ^ 



-fi ■ 



6.2.5. Let y be a point different from the x^s and recall that we have a sequence of 
inclusions: 



— ^m/. 



Bun N T y^Bunjy ^ Bun^ 



Recall also the A/"(O y )-bundles 7{ y and over Bun^ and ^oBun^y , respectively. 
We will denote the restriction of Ji y to the stratum ^pBun^ by xjzNy. In addition, 
we will denote by k N y , k N y and ^jP^l the corresponding A^-bundles. 



As shown in Sect. 3.2.6j , the stacks fc J \f^, fc !N ^ and carry an action of a bigger 



group, namely, Nk- The proof of Lemma p.2.4| will be obtained by analyzing this action. 



6.2.6. The additive character of N(% y ). The data of e and w' give rise to a homomor- 
phism x ■ N{% y ) — > G a . Indeed, consider the ind-group scheme = r(D*,n). The 
residue map gives rise to a homomorphism Res : — > G a . The additive character y 
is defined as the sum 

X ^ ^ X? 

tea 



where l x is defined as the composition 



N(X y ) -» 7V/[iV, JV](3C„) G a (*j,) ^ 



ra'oe „ Res 



•I 



It is easy to see that x vanishes on N(0 y ). Therefore, for each k > 0, we obtain an 
additive character x k '■ A& ~^ 

In what follows, given an Nj% — st&ck Y and. a morphism 1^ — > G^, we will say that the 
latter is (Nk, x fc ) _ equivariant if the diagram 

N k xY ► AT fe x G a 



Y ► G a 

is commutative, where the right vertical arrow is the composition of x an d the addition 
in G a . 

If Y is an -stack and S is an object of Sh(y), we shall say that S is (N k ,x k )~ 
equivariant if its pull-back under the action map Nk X Y — > Y is isomorphic to 
X k *{$ip) § so that the natural associativity requirement holds (recall that 3ip denotes 
the Artin-Schreier sheaf on G a ). 

Evidently, if Y — > G a is an (Nk, x fc )~equivariant morphism, then the pull-back of dip 
on Y with respect to this map is (Nk, x fc )~equivariant as a complex. 
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6.2.7. The N(X y )-equivariance. The crucial observation is that the map 

k W y -> Bunf ^ G a 

is (Nk, x fc )~equivariant. This follows from the definition of \ k ■ 

Hence, the pull-back of under the natural projection fc 3\f^ — » Bun^ is an 
(iVfe, x fc )~equivariant sheaf on k N y . Therefore, by functoriality, the pull-back of 
to k Ji e y and the perverse cohomologies of the *-restriction of the latter to Jt^N^ are 
(N^, x fc )~equivariant. 

Therefore, Lemma 3.2.4 is a consequence of the following general result on equivariant 
sheaves on ^ jP^ y : 

6.2.8. Lemma. Let 8 be an (Nk,x k )-equivariant perverse sheaf on ti—J^. Assume 
in addition that k is large enough. Then S vanishes unless for every i, pr(/ij) + 
co\id Xi (w ! ) € . In the latter case, § is a direct sum of copies of the pull-back 

3* I 

j j rom _ _ Bun w T to i^ -pNy (appropriately shifted). 



6.2.9. Proof of Lemma 6.2.i . We know from Proposition 3.1.4 that for k large enough 

3 r " 

fjPNfy is a scheme and can be identified with the quotient N Q ^ k \Nk, with 3j, = 

iy- Y^^i ■ x^j . In particular, ^-pNy is a homogenous space for iVj.. 

Consider the case when prO;) + conduce/) e A++. The pull-back of to ij^NJ 
is (Nk, x fe )~equivariant; we see that using the same reasoning as for Since the 

"3" u 

isotropy subgroup N ^ tk is connected, any (Nk , x )-equivariant perverse sheaf is iso- 
morphic to a direct sum of copies of this pull-back (up to the appropriate shift). 

To prove the vanishing part of the statement it suffices to show the following: if 
pr(/ij) + cond Xi (w') is non-dominant for some i then the homomorphism 



T" Y 



k 



is non-trivial, for k sufficiently large. Clearly, it suffices to show that the composition 
N m — > N(% y ) — ► G a is non-zero. 



3? ~ x 

" -> N(X y ) A • 

By definition, the above homomorphism iV 0l J — > G a is the composition: 



*s - n^°^ - v.^) - u^v^v ^ n k ^ sum 



Assume that for some j G {1, ...,n} and i E J, (pr(/Uj) + cond^. (ro'), d,} < 0. Then 
there exists a section 7 S H°(X — ) with the following properties: 

• 7 does not vanish under the composition 

H°(X - y, L% ) -> H°(V X , £21, ) ^ % ^ G . 
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• 7 vanishes to a sufficiently high order at the points Xji,j' / j, so that it goes to 
under the composition 

H°(X — y, ) — > JEf°(2)^, / , £^ ) — > ^ — > G a . 

But then by the residue formula, the image of 7 under the composition 

is non-zero. Therefore x(t) 7^ 0- This shows that 8 = under the above assumption. 
This completes the proof of Lemma |6.2.8 and hence of Lemma |6.2,3 and Lemma 5.2.4. 



6.2.10. In order to complete the proof of Proposition 3,2.l| (2), we need to show that 
the sheaf ^^ u \ has a filtration whose consecutive quotients are perverse sheaves of 
the form Vl/^. For simplicity, consider the case n = 1. We prove this statement by 
induction on {is, p). 

rr 

If v = 0, then there are no relevant strata in the closure of XtU Bun^ and therefore 

Now suppose that we have already proved the result for all dominant weights is, such 
that {is, p) < N. Consider a dominant weight is, such that {is, p) = N. 

According to Proposition |6.2.1| (1), is a perverse sheaf. Let % denote the per- 

verse sheaf that fits into the exact sequence 

o-^-xa/^i-^"-!). 

But then % is non-zero only on the relevant strata Bun^ T with {p, p) < N, and we 
know that the perverse cohomology groups of its restrictions to those strata are direct 
sums of copies of Hence, on the level of Grothendieck groups, we can write % 

as a combination of the sheaves ^f^i with (p,p) < N. By our inductive assumption, 

the sheaves VP^! are consecutive extensions of perverse sheaves of the form , and 
hence so is % and, finally, so is ^^\. 
Thus, Proposition |6.2.1| is proved. 

6.2.11. Proof of Theorem^(2). Let us show that the map 

(6.6) ^f 7 !-*: 



is an isomorphism. The isomorphism Vt^* — wm then also follow by Verdier 
duality. 



Let % denote the kernel of the map ( |6.6| ). According to Proposition 6.2.1, % is an 
object of and by Theorem |3|(1), we have: 

However, the restriction of ^f^ v \ to the complement of i]i7 Bun^ T in ^Bun^ is zero, 
by definition. Therefore the same is true for %. 

But then % = 0, since by construction % is supported on ^Bun^T — j^Bun^. 
Hence ( |6.6[ ) is an isomorphism. 
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7. Computation of the Hecke action 

In this section we collect several facts concerning the geometry of Af(3C x )-orbits on 
Gr and prove Theorem [|. 

7.1. Semi-infinite orbits on Gr. 

7.1.1. Recall the ind-scheme Gr. Informally, one defines the locally closed ind- 
subscheme S v C Gr as the N {% x )-orh\t of the point v(t) € Gr. Here is a precise 
scheme-theoretic definition. 

The chosen Borel subgroup B C G defines for each A E A ++ a line subbundle 

C over D x . We say that a point ($g,P) € Gr belongs to S" , if for every A the 

G 

map —>■ V^- g (oo • x) obtained using the data of f3 factors as 
(7.1) O^VU(v,\)-x)^vUoo-x). 



-3° 



It follows from the definition that there is a morphism S — > J;iV BunJ' , which corre- 
sponds to forgetting /3, but keeping the maps V^ g ((i>, A) • x) induced by (3. One 
can show that this morphism is formally smooth. 

It is clear that S u is a closed ind-subscheme of Gr and S u C S u if and only if 
v > v' . We define the locally closed ind-subscheme S u C Gr as follows: we say that 
[$Gi P) £ Gr belongs to S u , if for every A the map — * Vgr Q (oo • x) factors as (|7. 1| ) and 
the embedding -> V^ Q ((u, A) • x) is maximal. 

The group N(% x ) acts naturally on Gr. It is easy to see that each subscheme S u is 
-/V(3Ca;)-stable. Moreover, one can show that the A r (3C x )-action on S u is transitive in 
the sense that S v = U(S u ) k , where each (S u ) k is a homogeneous space for N k . 

k 

7.1.2. Remark. It is instructive to compute explicitly i?-points of the scheme S" , when 
G = SL2 and R is an Artinian local ring. In this case, the set S (R) C Gr(i?) consists 
of the cosets of the form 

'1 u(t)\ (t n - m p m {t- 1 )- 1 



1 J V t-^ftnfr 1 ) ' " SL2{R[m > m * ° 

where u(t) € R((t)), and p m (t _1 ) is an invertible element of of degree m. This 

means that (up to a scalar in R x , which can be absorbed into SX2(J?[[i]])) 

Pm{t~ l ) = 1 + Hi" 1 + . . . + r m t~ m , 

where each coefficient is a nilpotent element of R. 

Thus, we see that the set of -R-points of S coincides with the set of -R-points of a 
union of strata which are fibrations over Sym m T> x with fibers S n ~ m , where m > 0. f 



These fibrations are similar to those described in Corollary 2.2.9 : the formal disc D x 
here plays the role of the curve X. 



'Here Sym m T> x is a formal scheme Spf(F 9 [[ti, t m ]] E ), where E m is the symmetric group. 
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This is analogous to the description of S obtained in p5| ] in the case when X is 
replaced by the ring of analytic functions on the unit disc - then D x is replaced by the 
unit disc. 

7.1.3. The following proposition, due to will play an important role in the proof 
of Theorem ||. 

Proposition. dim(Gr A f]S u ) < (\ + v,p). 

It is also known that for v = A, Gr A DS U is open and dense in Gr A and for v = wo(X), 
Gr A HS U is a point -scheme. 



7.1.4. Admissible characters. Let r\ be a coweight of G ac j and let us choose isomorphisms 
of O x -modules 

(7.2) b x {^a-^-x)~V\v x 
for each i € J. 

As in Sect. 3.2.6 , the above data define a homomorphism Xr\ '■ N(% x ) —* G a . We call 
such a character admissible of conductor r/. It is clear that the group T(0 x )(¥ q ) acts 
transitively on the set admissible characters with a given conductor. 

In order to simplify notation, we will write Xv for Xpv(u) f° r an Y v £ A. 

7.1.5. Lemma. Let v and fi be two elements of A. Then for a given admissible charac- 
ter Xfj, of conductor pi (n) there exists a (N(JC x ),x^)-equivariant function x^ '■ S v — > G a 
if and only if fi + v G A ++ . In the latter case this function is unique up to an additive 
constant. 

7.1.6. When \i + v € A ++ , the function x 1 ^'- S v ^ G a can be defined by the formula 

(7.3) xl(n-v(t)) = x(m-n-^ l (t)), n€N(X). 



The next statement, which is proved in Sect. |7.3j , is a key ingredient in the proof of 
Theorem |3]. 



7.1.7. Proposition. Let x V - v ■ S u — > G a be an (N(% x ),X-u)~ e Q u 'i va ' r 'i> an t function. 
Assume that A G A is a dominant coweight and v ^ wq{X). Then the restriction of X-v 
to any irreducible component of Gr A P\S U of dimension (A + u, p) is a dominant map 
onto G a . 



7.1.8. Corollary. The cohomology He (Gr CiS", X-u\gv x r\S"*(^i>)) vanishes un- 

less v = Wq{X). 
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7.1.9. Proof. Without loss of generality we can assume that X-v( u (t)) = € G . 
Denote by K the complex on '•G^a; which is the !~ direct image of the constant sheaf 

on Gr A PiS u with respect to the map X- v ■ Gr A (~)S U -> G a . 

Consider the T-action on G a given by the character 2p : T —* G m . It is easy to see 
that K is T-equivariant with respect to this action. In particular, it is monodromic 
with respect to the standard G m -action on G a . 

Proposition |7.1,7j and Proposition |7,1.3| imply that our complex lives in the (per- 
verse) cohomological degrees strictly less than (A + v,2p). Corollary 7.1.8| is therefore 
equivalent to saying that Hl(G a ,K <g> d^) = 0, where K is the ((A + u,2p) - l)-th 
perverse cohomology sheaf of K. But this follows from: 

7.1.10. Lemma. Let § be a G m -monodromic perverse sheaf on A 1 . Then we have: 
Hi(A\S®d^) = 0. 

7.2. Proof of Theorem |. 

7.2.1. For notational convenience, we replace A by — wo(X) and prove the statement: 

^ *-A- 1U0 (A) =^ ro 

Thus, we need to establish an isomorphism 

(7.4) ^r((C°^^o ( A)) r )-C"" ,(A) . 

To simplify notation, from now on we will suppress the upper index r in this formula. 
Denote by K v (resp., K") the *-restriction of the LHS of ( [7.4| ) to the stratum 

x^Bun/ (resp., ^ Bun^ T ). Since the both sides of ( |7.4| ) are Verdier self-dual (up to 
replacing tp by V' -1 ) h suffices to prove the following 

Claim 1. (1) The complex K v lives in the (perverse) cohomological degrees < 0. 

(2) The ^-restriction of K u to the closed substack 

^BunJ T -^Bun^C^BunJ T 

lives in strictly negative (perverse) cohomological degrees. 

(3) The 0-th (perverse) cohomology of K v vanishes unless v = —wq(X) and in the 
latter case it can be identified with . 

7.2.2. For each pair v, v' £ A consider the following locally closed substacks of Z: 

Z"> ? := 'h^-Xjtok*), Z»> ? := 'h+—\ x>u Bun% T ) 
Z^' := >h--\ x ^B^n N T ), Z 1 ^' := 'h—\ x y BunJ T ) 

z»y := z v - n z 7 ' u ', z uy -.= z v " n z- u '. 

For fx £ A ++ , denote by "Kx the locally closed substack $ x x Gr M of "K x (the 

G(O x ) 

projection onto Bun^ that we are using here is h*~), and set 
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z u > ? >» -.= z v " n T 1 ^), z 7 >»'>» ■.= z ?y n 

z»y,» ._ fry n 'p- 1 ^), z uy '^ := z u ' v ' n 'p _1 (^) 

Let us denote by K v,v ' ^ (resp., by K v,v the !-direct image under 

. _> ^BmiJ T (resp., - ,,,Bun^ ) 

of the ^-restriction of W^°i.A_„, o(A) to (resp., to Z v > v '>»). 

Using a standard spectral sequence, one can derive Claim [l] from the following 

Claim 2. (1) The complex K u > u >^ lives in cohomological degrees < and the inequal- 
ity is strict unless v' = and fi = A. 

(2) T/ie ^-restriction of K u,0,x to the closed substack 

i^Bunjv - x<u Bun^ C x^Bun^ 

lives in strictly negative cohomological degrees. 

(3) The 0-th cohomology of K U,0 ' X vanishes unless v = —w§{X). 

(4) The 0-th cohomology of if-™o(A),0,A can £ e identified with ^' Wo{X) . 

The proof of Claim |2| will be obtained by analyzing the fibers of the projection 
> h <- . z»y>» ^^BunJ T . 

7.2.3. Recall that by choosing a trivialization e : 9"^ — ► S^Id^,, we obtain canonical 

iV(O x )-torsors N € x and DSf| over ^^Bun/ and Bun^ T , respectively. 

Independently, for every v 6 A and 9^ := 9"t(— ^-x) we fix a trivialization e„ : J' T — > 

3t\d x - Using the isomorphism a .^Bun^ T ~ Bun^ T we obtain iV(6 x .)-torsors JN^ and 

' 'Trp 

yWi" over x^Bunjy and ^Bun^ , respectively. 

By definition, the projection 'h*~ identifies Z v ^ with the fibration 

~ 3t 

j,^" x Gr -> x^Bunjv , 
N(Q X ) 

and similarly, the projection 'h~* realizes Zr ,v ' as a fibration 

x Gr^ x .^Bun^ T . 

Recalling the definition of the subscheme S u C Gr from Sect. |7.1.1| , we obtain the 
following lemma: 

7.2.4. Lemma. 

(1) The stacks Z U)U and Z v ^^ , when viewed as substacks of Z v ^ , can be identified 
with the fibrations 

uJi^ x S v '~ v > Xj ^Bun^ T and JNf% x Gr M — ► j. )1( Bun/, respectively. 

Ar(6 B ) jv(6b) 
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(2) The stacks Z v > v ' and Z 1 ^'^, when viewed as substacks of Z ? ' u> , can be identified 
with the fibrations 

v ,yt/ x S v - y ' ^/BmrJ T and JR* x Gr"™ ^ Xj ^Bu~nJ T , respectively. 

n(o x ) N(b x ) 

(3) The substack Z v,v> coincides with the intersection Z v ^ f] Z ?,z/ ' . 

7.2.5. Now, we are ready to prove the first two statements of Claim 

Indeed, from Lemma [7.2. 4| we conclude that the ^-restriction of MA_ WQ ^ to 
Z"?y,n [ s twisted external product of complexes: 

(7-5) (f£°| f r r r T )S(-A-»o(A)lGr-oW)- 

By definition, it lives in the cohomological degrees < and the inequality is strict 
unless p = — wq(X) and v' = 0. (In fact, we know from Proposition |6. 2 . 1 that the above 
complex is unless v' = 0, but we will not need this fact here.) 

Now since A_ Wo /x) Igi^oM ^ s constant, it follows from Lemma 7.2.4 (2) that its further 
♦-restriction to Z v,v ' ^ lives in (perverse) cohomological degrees 

< - codim(5"-"' nGr-^M.Gr 1 " ^') < -{-w (p)-v + v',p) = -(p - v + v' , p), 



according to Proposition 7.1.3 



However, we obtain from Lemma [7.2.4| (1) and Proposition |7.1.3j that the fibers of 

the projection 'h*~ : Z v,v ^ — » x ^Bunjy T are of dimension < (p, — v + v\ p). 
This proves Claim 0(1). 

Claim |2](2) follows from Lemma 7.2.4| (3) combined with the above dimension esti- 

X ' 'Tr n 

mates and the fact that the *-restriction of to ^oBunjy — X} q Bun^ lives in strictly 
negative cohomological degrees. 
Thus, it remains to study K U '°' X . 

7.2.6. Let N(K x ) e " denote the ind-group scheme over ^ 1/ Bun^ T , obtained as a JN X V - 
twist of N(%x) with respect to the adjoint action of N{O x ) on N(JC X ). The description 
of Z v > v stack fibered over x ^ u Bun^y^ in Lemma |7.2.4| (1) implies that Z u,u carries 
a canonical N(K x ) e "— suction. 

Recall now from Sect. [7.1.4| that the data of e u and w give rise to an admissible 
character Xv '■ N(% x ) — * G a , of conductor pr(i^). Hence we also obtain a character on 
the above ind-group scheme N{K x ) tv , which we denote by x v . 

For dominant coweights v and u', the (N(% x ), x^)-equi variant function Xu~ u '■ 
S u '~ v — > G a gives rise to a (N{K X ) " , x^)-equivariant function x^ u '■ Z v ' v ' ~^ ^a- 

The following result is obtained directly from the definitions: 

7.2.7. Lemma. Assume that u' € A is dominant. Then 
(1) The function 

(ev£"' o'hT) : Z^' - G a 



is (N(K X ) v , Xv) -equivariant. 
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(2) If v is also dominant, then the above function coincides with the composition 

Z ' — ► G a x XyU Bun N T — ► G a xG a — > G a 
for some Xp V - 



7.2.8. Asume that v is different from — wo(\). Lemma 7.2.4j( l) implies that after a 
smooth localization U — ► x ,v Bun^ T (e.g., we can take U = ^ x ", for large enough k), 
the fibration '/i* - : Z u,0,x — > x>v Bun^ T becomes a direct product U x (Gr A n<5 ,_1/ ). 

Moreover, by Lemma |7.2.7| (1), the complex ^"^•-tu (A))lz"» ( i' A becomes the ex- 
ternal product 

where £ is a locally constant perverse sheaf on the base U. Therefore Claim ||(3) follows 



from Corollary |7.1.8 



Finally, for v = —wq{\) the intersection S w °^DGt x is a point-scheme (cf. Sect. |7.1.l|) 
and therefore Claim |2|(4) follows from Lemma 7.2.71 (2) applied to the case v 1 = 0. 



In order to finish the proof of Claim ^ (and hence of Theorem ||), it remains to prove 
Proposition |7.1.7| . 



7.3. Proof of Proposition |7.1.7| . In order to prove the proposition, it suffices to 
study the function x~ u on the set of F g -points of Gr A PiS u . 

7.3.1. Computation in rank 1. First we will consider the case when G has semi-simple 
rank 1. We can identify each intersection of an A^(3C x )-orbit and an G(O x )-orbit 
in Grc with an appropriate intersection of an iV(3C x )-orbit and an G a d(Ox) _ orbit in 
Gr<3 ad , where G a( j = G/Z(G). Moreover, the corresponding functions X-v coincide 
under this identification. Therefore without loss of generality we can replace G by the 
corresponding adjoint group, so it suffices to treat the case of the group PGL(2). In 
this case we prove the statement of Proposition |7.1.7| by an explicit computation as 
follows. 

Let us identify A with Z. The intersection Gr CiS n is empty unless m and n have the 
same parity and |n| < m. When this is the case, Gr n S n is isomorphic to A^ n+m ^ 2 : 

(7.6) GT n S n = | Q E ' ; M/ 2 ^ ■ fj I a* E F, J . 

In particular, Gr" 1 n S n is always irreducible. 

Hence in order to prove Proposition |7.1.?1 it is enough to show that on the level of 
Fg-points, the function 

X n - n :{Gi m nS n )^¥ q 

is non-constant whenever Gr™ n S n has positive dimension. 

Using the ai in (0) as coordinates on Gr fl S", the function x" n ^ s given by 
ip(a n -\). Hence the restriction of x~ n *° Gr" 1 n S n is indeed non-constant if the latter 
has positive dimension. 



40 



E. FRENKEL, D. GAITSGORY, AND K. VILONEN 



7.3.2. Grassmannians associated to the parabolic subgroups of G. The proof for general 
G will be obtained by reduction from G to its minimal Levi subgroups. In what follows, 
the subscript "M" (e.g. in Gim, S m , etc.) will denote the corresponding object for a 
Levi subgroup M of G. 

Let P be a parabolic subgroup of G, Np its unipotent radical, and M its Levi 
subgroup. Denote by 3 m C 3 the coresponding subset of 3. Let Ag,p be the quotient of 
A = Am by the sublattice spanned by a^'x € 3m- Then Ag,p can be identified with the 
set of connected components of the Grassmannian Gtm = M(3C x )/M(O x ). We denote 
by Gr^ the component of Gvm corresponding to 9 € Aq,p- Note that Gr M C Grj^ if 
and only if \i belongs to the coset of 6 in A. 

Let Pq(9C x ) be a ind-subgroup of P(X X ), defined as the inverse image of the subgroup 
M/[M, M](Q X ) under the natural projection P{X X ) -> M(X X ) -> M/[M,M](X X ). As 
in Sect. |7.1.1| , to an element 9 G Aa,p one can attach a locally closed ind-subscheme S p 
in Gr, on which Pq(% x ) acts transitively (at the level of points, S P is the -Po(K x )-orbit 
of0(t)inGr). 



In the same way as in Sect. 5.1.1 we can define the affine Grassmannian Grp (note 



that the definition given in Sect. 5.1.1 works for any algebraic group). The set of 
connected components of Gr p coincides with that of Gr m ■ Now S P is nothing but the 



reduced scheme of the corresponding connected component of Grp. Thus, the natural 

) P — > ur M 



projection Grp — > Gim gives rise to a map p^ : S P — ► Gv^p 



The following statement is straightforward. 



7.3.3. Lemma. For v G A let 9 be its image in A G ,p. Then S u C S p and p( e \S u ) C 



AI ■ 



Denote by p v the restriction of p^ to S u . 

7.3.4. For i £ 3, denote by Pi the corresponding minimal parabolic subgroup of G and 
by Mi its Levi subgroup. Then we have a morphism p\ : S u — ► S M . . Note that S M . is 



always irreducible as was shown in Sect. |7.3.1| by an explicit calculation. 

Now let A € A ++ and v € A be such that v ^ wq(X), i.e., so that Gr A (~)S U has positive 
dimension. Let K be an irreducible component of dimension (A + fi, p) of Gr A r\S u . 

The following result is proved in ||: 

7.3.5. Proposition. For A, v and K as above, there exist i € 3 and p, € A^ + such that 
an open dense subset of K projects dominantly onto Gr M . f^S M , under the map p v x and 

(In the above formula iuo,Mi is the "longest" element of the Weyl group of M- u i.e. the 
i-th simple reflection.) 



7.3.6. Recall from Sects. 6.2,6j and 7.1.4 that the character x-u '■ A^(3C X ) — > G a is by 



definition a sum of characters x \u, i € J. We can define functions : S v — > G a so 

that 

\ A i v 

X—L> / , X— v 

is? 

Let X-v,Mi an< ^ X-i/ Mi ^ e ^ ne corresponding objects for Mi. 
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7.3.7. Lemma. l x u _ u = X-^m, ° Pi ■ 



Combining this lemma with Proposition 7.3.5 and the fact that Proposition |7.1.7| is 



true for Mi (proved in Sect. 7.3.1| ), we obtain: 



7.3.8. Corollary. If v ^ wq(X), then for each component K ofGr x DS u , there exists 
i € J, such that the restriction of l X- u t° K(Fq) ^ s non-constant. 

7.3.9. The subgroup T C T(0 X ) acts on Gr. This action preserves both S u and Gr\ 
Since T is connected, K is preserved as well. 

The group T also acts on N(K X ) by conjugation, and therefore on the set of N(% x )— 
characters: for r € T, X ~~ * X T > where x T ( n ) = x( T ' n ' T_1 )- We have: 

Without loss of generality we can assume that for all j € J the function J X—u satisfies 
'X-i/C^C*)) = 0- Then, since the point u{t) € Gr is T-stable, we obtain: 

(7-7) (Y-vY = &i (r) • h%- 



Now we can prove Proposition [7.1.7j . It suffices to show that on the level of F^-points, 
the restriction of X-u to a component K as above is non-constant. Suppose, to the 
contrary, that it is constant. 



Letting i be as in Corollary 7.3.8, we obtain: 



(7.8) bf-„\K = -J2 ] X- v \k + const 

Let r be an element of T satisfying a- x {j) ^ 1, ctj(r) = 1 for j ^ i. Apply r to both 
sides of ( |7.8[ ). According to ( f^7| ) we obtain: 

at(r) • = ^2 ] X-u\k + const, 



which, together with (|7.8j), contradicts the fact that 1 X -v\k is n °t constant. 
This completes the proof of Proposition |7.1.7| . 



8. Proof of the conjecture from m 
8.1. The statement of the conjecture and its generalization. 



8.1.1. As was explained in the Introduction, one of the main motivations for this paper 
was the following: 
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8.1.2. Conjecture. (@) The cohomology H*(Gt n S" ,A\\js^ Xob A ns*W) 
vanishes unless k = (2v,p) and v = A. i/ie latter case it is canonically isomorphic 
to Q e . 

In this section we will prove Theorem ^ which is a generalization of this conjecture. 
Recall that Theorem 1 states that for A € A ++ and /j,i/£A with p, + v 6 A ++ the 
cohomology 

(8-1) F c fc (G? A n^,A A |^ ngl/ ® x ^ ng!/ *(a^)) 

vanishes unless fc = (2v,p) and // 6 A ++ . In the latter case, this cohomology identifies 
canonically with HoniL G (y A (g> V^, 

8.1.3. As explained below, this theorem follows from Corollary |5.4.3 and Theorem ||(2) 
as a combination of two facts. First, we can readily recognize the above cohomology 
groups as the stalks of the LHS of Q5.6Q ( up to replacing A by —wq(X)). Second, we 
can compute the stalks of the RHS of Q5.6D using Theorem |3[ 

8.1.4. Note that Conjecture |X| is a special case of Theorem |l|, when we set p = 0. 
Now let p be very large compared to A and v. In this case the function Xu '■ Gr r\S u — > 

G a is constant, i.e., Xft,\-Q^ x nSv * (dip) is isomorphic to Qf. Note also that in the case when 
A, v <C p, the vector space can be naturally identified with the 

dual of the i^-weight space V x (v). Thus, Theorem |l| yields the following result which 
was previously proved by Mirkovic and one of the authors by different methods: 

Theorem. The cohomology (Gr A n S u , A\\-^->, ) vanishes unless k = (2i>,p) and, 
in the latter case, it is isomorphic to V x (u)*. 

Finally, note that Corollary [7.1.8 is also a special case of Theorem [l] with p = —v 
(see also Remark 2 below). 

8.1.5. Let us make several remarks concerning the structure of Theorem |]. 
Remark 1. 

The vanishing part of Theorem |l| is obvious when p is non-dominant. Indeed, 
the group N(O x ) acts on Gr n S u and the complex J\.\ Its - a c <g> Xu|7t-a_, <j «*(3i/>) is 
(N(O x ), x^)-equivariant, while X^Itv(6 ) * s no;n — trivial if p is non-dominant. 
Remark 2. 

It follows immediately from Proposition 7.1.3 that 

H k c (Q-r X n S-,A x \ w/nSv ® x -|_, n5 ,/(a^)) = 
if k > (2v, p) and that for k = (2v, p) it is isomorphic to 

Remark 3. 

Assume now that G is defined and split over ¥ q . Then the cohomology 
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is also defined over ¥ q . The action of the Frobenius on the cohomology is easy to 
recover: 

The previous remark implies that Fr acts on it by q( u ' 2 P\ i.e., as on Q^(— (v, 2p)). 
Remark 4- 

Consider the vector space HomL G (V x ®V~ w °^ +u ' > , V~ w °^). The previous discussion 
implies that it can be naturally identified with 

Rom LG (V x ® V»,V + ») ~ H^\Gr x nS», X »\ Gl > nSV *(3^)). 
Therefore, it acquires a basis labeled by the set {K} of those irreducible components 



K of Gi x nS u , for which Xu\k is non-constant (see the proof of Corollary 7.1. 



It follows from Theorem that Rom LG (V x ®V- w °^ + ^ ,V~ W °^) admits another 



basis of geometric origin as follows. Recall the scheme Conv (cf. Sect. |5.2.3 ), For A 



u 

and A2 denote by Conv Al,A2 the corresponding locally closed subscheme in Conv. It is a 
fibration over Gr Al with a typical fiber isomorphic to Gr A2 . It is known ( p8| ) that the 
projection P2 is a semi-small map Conv Al ' A2 — > Gr Al+A2 . Thus, to a triple of coweights 
Ai, A2, A3 one can attach the set K' (Ai, A2, A3) of irreducible components of the fiber of 
Conv Al ' A2 over a point of Gr^ 3 . Hence the set -fT'(Ai, A2, A3) parametrizes a basis for 
Hom iG (F Al ®y A2 ,^). 

Put Ai = A, A2 = —wq(h + u), A3 = —wo(fi). One can show that the sets 
{K'(Xi, A2, A3)} and {i^} are in a natural bijection and that the corresponding bases 
of the vector space Bom LG (V x <g> ^-^o^+^^-^W) coincide. 

8.2. Proof of Theorem g. 

8.2.1. First, let us show that it is enough to consider the case when [G, G] is simply- 
connected. 

Let G\ -» G be a surjection of reductive groups such that its kernel is a (connected) 
torus. Then we have a surjection of the corresponding lattices Ai -» A. Fix \\,(jl\,vi € 
Ai as in Theorem [| and let A, [a, v be their images in A. 

Starting with an arbitrary G, we can always find a group G\ as above such that 
is simply-connected. Theorem [l] for G follows from Theorem [l] for G\ because 
of the following obvious fact: 

8.2.2. Lemma. The cohomology appearing in Theorem^ for G\ and Ai, fjLi, v\ is nat- 
urally isomorphic to that of G and A,/x, v. 

8.2.3. Now we assume that [G, G] is simply-connected. Fix a data of w satisfying 
cond x (tu) = 0. As was explained before, Theorem || will be obtained by computing 
explicitly the restriction of * A_ WQ (\\ to ^Bun^. According to Remark 1 
above, we can assume that \i is dominant. 

On the one hand, we claim that we have a canonical isomorphism 

(8.2) # W*" * ^-» (A)) V>« ® Hom, G (V A ® V", V u+fl ). 



Indeed, by Corollary 5.4.5 



A' 
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But by Theorem |3](1), ) = unless fi' = fi. Therefore, 

j*(^f +l '*A_ wo{X) ) ^ ^®Hom{V»,V- W0 ^®V u+ v) ~ ^®Rom(V x ®V»,V u+ »). 

8.2.4. On the other hand, let us compute *-A_ W0 (a)) using the definition of 

the Hecke functors. 

Recall the notation of Sect. ggg . As ~^f +V - \ (here we use Theorem ^(1) 

once again), using base change, " *A-_ Wo q^) can be computed as follows: 

We *-restrict MA_ WQ ^x) to Z fJl ' fl+L/ and then apply the ! -push-forward with 

respect to the map 'h*~ : Z^^ +v —>■ XjAt Bun^ T . Using Lemma |7.2.4| ( 1) , we identify 
ZM+v w ith the fibration 

jfe x S" ^ IlM ^ T 
N(b x ) 

and the support of V ^A_ WQ ix\)\z^+" is the substack 

Ji& x (& A ns v ) 

of Z^ +u . 

Moreover, according to formula ( |5.2| ) and Lemma 7.2.7| (2), the restriction of 
to this substack can be identified with the sheaf 

(^)i(yi A |^ n5[/ ® x ^|^ nS /(a^))[(^2p}] 

(note that {u, 2p) = dim( x ^ +u Bun^ T ) — dim( x<ll Bun^ T ) and that is why it enters into 
the above formula.) 

Therefore, by the projection formula, we obtain that jt^^j 1 *A_ WQ (\\) is isomor- 
phic to 

® H'(A x \ m , nSV ® x -|_, n5 /(a^[(^, 2/5)]). 
Comparing it with ( |S.2j ) , we obtain the statement of Theorem [l]. 
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